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Agenda
 Introduction: meta-analysis according to IQWiG’ methods paper
 Methods for meta-analysis

 Frequentist methods
 Bayesian methods

 Prior distributions for 𝜏𝜏
 Half-Normal
 Jeffreys
 Indication specific/general health care setting from Cochrane data base

 Data examples
 Milk teeth, severe lung emphysema, motor-driven continuous passive motion devices 

 Specific topics: shifted hypotheses, p-value/Bayes factor
 Conclusions



General Methods - Version 5.0
In principle, Bayesian methods may be regarded as an alternative to statistical
significance tests. Depending on the research question posed, the Institute will, where
necessary, also apply Bayesian methods (e.g. for indirect comparisons).

However, the use of meta-analyses with random effects reaches its limits in the event
of very few studies (fewer than 5). As heterogeneity then cannot be reliably estimated,
the use of meta-analyses with random effects can lead to very broad confidence
intervals that potentially no longer allow conclusions on the evidence base. Especially
in the event of very few studies, a fixed-effect model or a qualitative summary should
be considered. Depending on the context, alternative procedures could also be an
option, such as Bayesian approaches or methods from the area of generalized linear
models.
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IQWiG, 2017



Procedure for evidence synthesis

 Definition of PICOS
 Given a pool of studies from systematic literature search:

 Calculation of heterogeneity of the study pool according to the 
statistical test for heterogeneity (Sutton, 2000)

 Meta-analysis if p ≥ 0,05, otherwise perform qualitative evidence synthesis 

For ≥ 5 studies: Knapp-Hartung with heterogeneity according to Paule-Mandel

 Number of studies is typically rather small, i.e. less than 5
 Therefore, the estimation of between-study variance 𝜏𝜏2 can be inaccurate

For < 5 studies: fixed effect models, Bayesian methods, generalized linear 
models, or qualitative evidence synthesis
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Meta-analysis
Meta-analysis of 𝑘𝑘 studies with observations 𝜃𝜃𝑖𝑖 with standard error 𝜎𝜎𝑖𝑖, 𝑖𝑖 = 1, … , 𝑘𝑘

𝜃𝜃𝑖𝑖 ∼ 𝑁𝑁 𝜃̂𝜃𝑖𝑖 ,𝜎𝜎𝑖𝑖2

𝜃̂𝜃𝑖𝑖~ 𝑁𝑁(𝜇𝜇, 𝜏𝜏2)

⇔

𝜃𝜃𝑖𝑖 ∼ 𝑁𝑁(𝜇𝜇,𝜎𝜎𝑖𝑖2 + 𝜏𝜏2)
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known parameters, unknown parameters

Aus: Borenstein et al.(2009): Introduction to meta-analysis. Wiley.
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Meta-analysis: frequentist methods
Meta-analysis of 𝑘𝑘 studies with observations 𝜃𝜃𝑖𝑖 with standard error 𝜎𝜎𝑖𝑖, 𝑖𝑖 = 1, … , 𝑘𝑘

𝜃𝜃𝑖𝑖 ∼ 𝑁𝑁 𝜃̂𝜃𝑖𝑖 ,𝜎𝜎𝑖𝑖2

𝜃̂𝜃𝑖𝑖~ 𝑁𝑁(𝜇𝜇, 0)

Fixed effect/common effect model 
assumes a common effect in all studies => between study variation 𝜏𝜏2 = 0
continuous data: inverse variance approach

𝜇̂𝜇 = ∑𝜃𝜃𝑖𝑖𝑤𝑤𝑖𝑖
∑𝑤𝑤𝑖𝑖

with 𝑤𝑤𝑖𝑖 = 1
�𝜎𝜎𝑖𝑖

95 %-KI: 𝜃̂𝜃 ± 𝑧𝑧1−𝛼𝛼/2 1/∑𝑤𝑤𝑖𝑖.

binary data: Maentel-Haenszel approach: 𝑂𝑂𝑅𝑅𝑀𝑀𝑀𝑀 =
∑
𝑎𝑎𝐼𝐼,𝑖𝑖(𝑛𝑛𝐶𝐶,𝑖𝑖−𝑎𝑎𝐶𝐶,𝑖𝑖)

𝑛𝑛𝐼𝐼,𝑖𝑖+𝑛𝑛𝐶𝐶,𝑖𝑖

∑
𝑎𝑎𝐶𝐶,𝑖𝑖(𝑛𝑛𝐼𝐼,𝑖𝑖−𝑎𝑎𝐼𝐼,𝑖𝑖)
𝑛𝑛𝐼𝐼,𝑖𝑖+𝑛𝑛𝐶𝐶,𝑖𝑖

95 %-KI: exp(ln 𝑂𝑂𝑅𝑅𝑀𝑀𝑀𝑀 ± 𝑧𝑧1−𝛼𝛼2
𝑉𝑉𝑉𝑉𝑉𝑉 ln 𝑂𝑂𝑅𝑅𝑀𝑀𝑀𝑀 )
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Meta-analysis: frequentist methods
Meta-analysis of 𝑘𝑘 studies with observations 𝜃𝜃𝑖𝑖 with standard error 𝜎𝜎𝑖𝑖, 𝑖𝑖 = 1, … , 𝑘𝑘

𝜃𝜃𝑖𝑖 ∼ 𝑁𝑁 𝜃̂𝜃𝑖𝑖 ,𝜎𝜎𝑖𝑖2

𝜃̂𝜃𝑖𝑖~ 𝑁𝑁(𝜇𝜇, 𝜏𝜏2)

Random effects model: DerSimonian-Laird (1986) 

𝜇̂𝜇 = ∑𝜃𝜃𝑖𝑖𝑤𝑤𝑖𝑖
∑𝑤𝑤𝑖𝑖

with 𝑤𝑤𝑖𝑖 = 1
�𝜎𝜎𝑖𝑖+ �𝜏𝜏2

𝜏𝜏𝐷𝐷𝐷𝐷2 = max 0,
∑𝜎𝜎𝑖𝑖−2 𝜃𝜃𝑖𝑖 − 𝜇̂𝜇 2 − 𝑘𝑘 − 1

∑𝜎𝜎𝑖𝑖−2 −
∑(𝜎𝜎𝑖𝑖−2)2
∑(𝜎𝜎𝑖𝑖−2)

95 %-KI: 𝜃̂𝜃 ± 𝑧𝑧1−𝛼𝛼/2 1/∑𝑤𝑤𝑖𝑖.
criticized due to its unfavourable statistical properties
especially in the case of very few studies too narrow confidence intervals, 
inflated type-I errors, estimation of uncertainty of 𝜏𝜏 is ignored
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Meta-analysis: frequentist methods
Meta-analysis of 𝑘𝑘 studies with observations 𝜃𝜃𝑖𝑖 with standard error 𝜎𝜎𝑖𝑖, 𝑖𝑖 = 1, … , 𝑘𝑘

𝜃𝜃𝑖𝑖 ∼ 𝑁𝑁 𝜃̂𝜃𝑖𝑖 ,𝜎𝜎𝑖𝑖2

𝜃̂𝜃𝑖𝑖~ 𝑁𝑁(𝜇𝜇, 𝜏𝜏2)
Random effects model
Knapp-Hartung with heterogeneity according to Paule-Mandel (Veroniki, 2015)

𝜇̂𝜇 = ∑𝜃𝜃𝑤𝑤𝑖𝑖
∑𝑤𝑤𝑖𝑖

with 𝑤𝑤𝑖𝑖 = 1
�𝜎𝜎𝑖𝑖+ �𝜏𝜏2

𝜏𝜏2 =
∑𝑤𝑤𝑖𝑖 𝑦𝑦𝑖𝑖−�𝜇𝜇 2− ∑𝑤𝑤𝑖𝑖𝜎𝜎𝑖𝑖

2−
∑𝑤𝑤𝑖𝑖

2𝜎𝜎𝑖𝑖
2

∑𝑤𝑤𝑖𝑖

∑𝑤𝑤𝑖𝑖−(∑𝑤𝑤𝑖𝑖
2)/(∑𝑤𝑤𝑖𝑖)

95 %-KI: 𝜃̂𝜃 ± 𝑡𝑡𝑘𝑘−1,1−𝛼𝛼/2 ∑𝑤𝑤𝑖𝑖 𝜃𝜃𝑖𝑖 − 𝜃̂𝜃 2/(𝑘𝑘 − 1)∑𝑤𝑤𝑖𝑖.

Tends to be over-conservative for 𝑘𝑘 = 2 studies
May produce too narrow confidence intervals in very homogeneous situations 

=> modified variance estimation available
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Knapp-Hartung estimator with 2 studies
 low power, wide confidence intervals
 May lead to a non-significant pooled effect when two significant studies are pooled. 
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Meta-analysis: Bayesian methods
 Accounts for uncertainty in the estimation of the between-study variance 𝜏𝜏2

 Can incorporate external information as well as prior knowledge which in turn can reduce the 
length of interval estimates for the common mean. 

 If no or only vague prior information is available, noninformative priors can be incorporated
 Produces a distribution for the quantities of interest, allows to calculate probability that e.g. the 

odds ratio is smaller/bigger than a prespecified threshold

 Choice of prior information can substantially influence final results (Weber, 2018)

 Carrying out sensitivity analyses is important to investigate how the results depend on any 
assumptions made (Cochrane Handbook 5.1)

 Some approaches depend on MCMC



Meta-analysis: Bayesian methods
Meta-analysis of 𝑘𝑘 studies with observations 𝜃𝜃𝑖𝑖 with standard error 𝜎𝜎𝑖𝑖, 𝑖𝑖 = 1, … , 𝑘𝑘

𝜃𝜃𝑖𝑖 ∼ 𝑁𝑁 𝜃̂𝜃𝑖𝑖 ,𝜎𝜎𝑖𝑖2

𝜃̂𝜃𝑖𝑖~ 𝑁𝑁(𝜇𝜇, 𝜏𝜏2)
⇔

𝜃𝜃𝑖𝑖 ∼ 𝑁𝑁(𝜇𝜇,𝜎𝜎𝑖𝑖2 + 𝜏𝜏2)

Bayesian approach:    Posterior ∝ prior × likelihood
P((𝜇𝜇, 𝜏𝜏2)| data) ∝ P((𝜇𝜇, 𝜏𝜏2)) × P(data |(𝜇𝜇, 𝜏𝜏2)) 

requires prior distributions for 𝜇𝜇 and 𝜏𝜏2

noninformative or (weakly) informative prior distributions

Prior choice for 𝜇𝜇 ∼ 𝑁𝑁(0, 42)
Prior choice for 𝜏𝜏: choice is critical as the number of studies is small
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Chosen priors for between-trial heterogeneity 𝝉𝝉
 Prior distributions for binary data

1) Half-Normal prior with scale 0,5 (Friede et al., Biometrical Jornal, 2017)

2) Half-Normal prior with scale 1 (Friede et al., Biometrical Jornal, 2017) 

3) Jeffreys prior (Bodnar et al., Stats in Med, 2016)

4) Informed prior: indication and outcome specific (Turner et al., Stats in Med, 2015)

5) Informed prior: general heath care setting (Turner et al., Stats in Med, 2015)

 Prior distributions for continuous data
1) Half-Normal prior with scale 0,5 
2) Half-Normal prior with scale 1 
3) Jeffreys prior 
4) Informed prior: indication and outcome specific (Rhodes et al., Journal Clin Epi, 2018)

5) Informed prior: general heath care setting (Rhodes et al., Journal Clin Epi, 2018)

 Calculations in R using metafor (Viechtbauer, 2010) and bayesmeta (Röver, 2017)



Chosen priors for binary data
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Heterogeneity:          moderate large very large
small substantial 

Friede et al., RSM, 2017



Half Normal distributions Friede et al. (Biometrical Journal, 2017)

 Simulation study on log(OR) scale:
 DerSimonian Laird
 Knapp-Hartung with heterogeneity according to Paule-Mandel 
 Modified Knapp-Hartung
 Bayesian random-effects meta-analysis  

 𝜇𝜇 : noninformative (improper) uniform prior
 𝜏𝜏 : half Normal distribution with scale 1 or 0,5

 𝜏𝜏 ∈ 0.0, 0.1, 0.2, 0.5, 1.0 ; 𝑘𝑘 = 2; 𝜇𝜇 = 0, combinations 𝑛𝑛1,𝑛𝑛2 ∈ {25, 100, 400}
 Fraction of 𝜏𝜏 estimated equal to 0, coverage probability, mean interval length

 Bayesian intervals: good coverage in the range of the prior
(e.g. Half-Normal (scale =0.5) coverage is reasonable for 𝜏𝜏 up to 0.5, drops reasonably for larger values)

 Frequentist methods: too wide to allow reasonable conclusions (KH) or very narrow (DL); 
Bayesian intervals are much shorter, satisfying properties

 Bayesian RE meta-analysis = reasonable compromise between KH- and DL- methods
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Half Normal distributions Friede et al. (RSM, 2017) 

 Simulation study on log(OR) scale: 
 DerSimonian Laird
 REML
 Knapp-Hartung with heterogeneity according to Paule-Mandel 
 Bayes modal estimate
 Bayesian random-effects meta-analysis  

 𝜏𝜏 : half-Normal distribution with scale 1 or 0,5; Uniform (0,4)
 𝜏𝜏 ∈ 0, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1.0, 2.0 ; 𝑘𝑘 = {3, 5, 10}
 Fraction of 𝜏𝜏 estimated equal to 0, bias, coverage probability, mean interval length

 Bayesian credible intervals with appropriate choice of prior performed well
 Bayesian credible intervals tend to be shorter compared to KH and coverage probability is 

either similar or closer to nominal level
 For very small 𝑘𝑘 results are sensitive for prior specification
 Recommend half-Normal priors as values fit to typical applications of rare diseases and small 

populations
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Jeffreys prior/Berger and Bernardo reference prior Bodnar et al. (2016) 

𝑃𝑃 𝜃𝜃 ∝ �
𝜏𝜏

𝜎𝜎𝑖𝑖2 + 𝜏𝜏2 2

 Least informative when compared with the posterior distribution in terms of Shannon‘s mutal
information

 Most commonly employed in random-effects meta-analyses
 Improper prior, proper posterior for 𝑘𝑘 ≥ 2. 
 For 𝑘𝑘 ≥ 3 first moment of the marginal posterior exists, for 𝑘𝑘 ≥ 4 second moment of the 

marginal posterior exists. 
 Here: calculation of posterior median
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Jeffreys prior/Berger and Bernardo reference prior Bodnar et al. (2016) 

 Simulation study on log(OR):
 Knapp-Hartung with heterogeneity according to DerSimonian-Laird
 Knapp-Hartung with heterogeneity according to Paule-Mandel  
 Profile likelihood estimation
 Bayesian random-effects meta-analysis  

 𝜏𝜏: noninformative Jeffreys prior
 𝜏𝜏 ∈ 0.0, 0.1, 0.2, 0.3, 0.5, 1.0, 2.0 ;𝜎𝜎𝑖𝑖 ∼ 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 0.0, 0.5 ; 𝜇𝜇 = 0; k ∈ {5, 10, 20, 30}
 Coverage probability, average interval length, average bias, estimated heterogeneity

 Effective coverage probabilities of Bayesian nominal 95% credible intervals are less likely 
below 95% compared to the other 3 methods

 Effective coverage probabilities of the nominal 95% credible intervals were the closest to 95%
 Satisfying estimation of heterogeneity
 Bodnar et al. (2016) recommend this prior also for meta-analyses involving a small number of 

studies without relevant or credible prior information
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Informed priors – binary data
Turner et al. (2015)

 Based on 14886 binary outcome meta-analyses from the Cochrane Database of Systematic 
Reviews 

 Differentiates between intervention comparison types (pharmacological, placebo, non-
pharmacological) and outcome categories (subjective, semi-objective, objective) in different 
therapeutic areas

 Candidates for distribution of 𝜏𝜏𝑛𝑛𝑛𝑛𝑛𝑛2 : 
log-Normal-, inverse-Gamma-, Gamma-distributions

 Regression models for log(𝜏𝜏𝑛𝑛𝑛𝑛𝑛𝑛2 ) identified Normal distribution to be best
 Normal distributions for log(𝜏𝜏𝑛𝑛𝑛𝑛𝑛𝑛2 ) were fitted to each predictive distribution under a full 

Bayesian model using MCMC methods, using the posterior mean and standard deviation
-> parametric distribution approximating the predictive distribution

 Overall average predictive distribution in general health care setting
𝜏𝜏𝑛𝑛𝑛𝑛𝑛𝑛2 ∼ 𝑙𝑙𝑙𝑙𝑙𝑙−𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 (−2.56, 1.742)

but also for specific outcome types and intervention comparison types. 
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Quelle: Turner et al. (2015)
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Informed priors – continuous data 
Rhodes et al. (2018)

 Based on 6492 continuous outcome meta-analyses from Cochrane Database of Systematic 
Reviews 

 Differentiates between intervention comparison types (pharmacological, placebo, non-
pharmacological) and outcome in different therapeutic areas 

 Modelled on SMD scale
 Candidates for posterior distribution of 𝜏𝜏𝑛𝑛𝑛𝑛𝑛𝑛2 : 

log-Normal-, inverse-Gamma-, log-t-distributions (df=5)
 Regression models for log(𝜏𝜏𝑛𝑛𝑛𝑛𝑛𝑛2 ) identified 𝑡𝑡- distribution to be most appropriate
 𝑡𝑡- distributions for log(𝜏𝜏𝑛𝑛𝑛𝑛𝑛𝑛2 ) were fitted to each predictive distribution under a full Bayesian 

model using MCMC methods, using the posterior mean and standard deviation
 Overall average predictive distribution in general health care setting

log (𝜏𝜏𝑛𝑛𝑛𝑛𝑛𝑛2 ) ∼ 𝑡𝑡 (−3.44, 2.592, 5)
but also for specific outcome types and intervention comparison types. 

 If conjugate prior is preferred: authors report predictive inverse-gamma distributions  



Data examples
 N17-03: Assessment of the application of fluoride varnish on milk teeth to prevent the 

development and progression of initial caries or new carious lesions - rapid report 
Children with milk teeth
Application of fluoride varnish vs. common maintenance without fluoride varnish or with 
placebo
Outcome: caries, side effects, tooth loss, toothache, dental abscesses or inflammation of 
the gums (gingivitis)
RCTs
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Data examples
 N14-04: Procedure for lung volume reduction in severe lung emphysema 

Patients with severe lung emphysema
Surgical or bronchoscopic techniques vs. conservative approaches or other techniques
for lung volume reduction
Outcome: mortality, cardiovascular mortality and morbidity, COPD-symptoms, 
exacerbations, health-related quality of life, adverse events
RCTs
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Data Examples
 N16-03: Motor-driven continuous passive motion (CPM) devices after interventions on the 

knee and shoulder joint 
Patients who have had knee or shoulder surgery or who require conservative treatment
CPM devices vs. treatment without CPM (=physiotherapy) 
Outcome: range of motion, pain, rupture, health-related quality of life, adverse events
RCTs
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Chosen models: binary data
 Measure: Odds Ratio
 Frequentist models: MH, DSL, KH
 Bayesian models: Prior for 𝜇𝜇: Normal(0,42)

Prior for 𝜏𝜏 : half-Normal (scale=1)
 half-Normal(scale=0.5)
 Jeffreys prior
 Turner, indication specific
 Turner, general

 Estimation for Bayesian models: posterior median and 95% credible interval for the effect 
𝜇𝜇 and between-study variation 𝜏𝜏; central, equal-tailed credible intervals
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Many studies: 
different prior choices lead to comparable results

25



Prior and posterior distribution for 𝝉𝝉
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Prior and posterior distribution for 𝝉𝝉
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Few studies: 
different prior choices may lead to comparable results
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Few studies: 
different prior choices may lead to comparable results… but also to divergent results 
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Few studies: 
different prior choices may lead to comparable results… but also to divergent results 
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Few studies: 
different prior choices may lead to comparable results… but also to divergent results
may be even wider than Knapp-Hartung estimation 
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Few studies: 
different prior choices may lead to comparable results… but also to divergent results 
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Few studies: 
different prior choices may lead to comparable results… but also to divergent results 



Prior distribution N(mu=0, sd=4) and posterior distribution for 𝝁𝝁
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Posterior distribution for 𝝁𝝁 given different prior distributions
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𝜇𝜇 ∼ 𝑁𝑁 0, 𝑠𝑠𝑠𝑠 = 4 𝜇𝜇 ∼ 𝑁𝑁(0, 𝑠𝑠𝑠𝑠 = 10)
Different settings for 𝜏𝜏- prior Different settings for 𝜏𝜏- prior

Almost identical results regardless the chosen prior variance for 𝜇𝜇



Prior and posterior distribution for 𝝉𝝉
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Continuous data
 Measure: standardised mean difference (SMD)
 Frequentist models: IV, DSL, KH
 Bayesian models: Prior for 𝜇𝜇: Normal(0,4)

Prior for 𝜏𝜏 :      half-Normal (scale=1)
 half-Normal(scale=0.5)
 Jeffreys prior
 Rhodes, indication specific
 Rodes, general

 Estimation for Bayesian models: posterior median and 95% credible interval for the effect 
𝜇𝜇 and 𝜏𝜏; central, equal-tailed credible intervals
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Alternative priors for 𝜏𝜏
 Use informative priors for 𝜏𝜏 if solid information about trial heterogeneity is available

(Friede et al., RSM, 2017)

 Elicitate informative prior distribution for 𝜏𝜏 from expert‘s opinion (Ren et al., 2018)

 Need for a random effect model?
 Upper bound for R = 𝑂𝑂𝑅𝑅97.5/𝑂𝑂𝑅𝑅2.5

 Consideration of a full distribution of R
using a roulette elicitation method

 Identify best fitting distribution

 For log-Normal distribution:
log 𝑅𝑅 − 1 ∼ 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 𝑚𝑚, 𝑣𝑣

𝜏𝜏 = log 𝑅𝑅 /3.92
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Shifted null hypotheses
 Confidence intervals are used for different decisions

 Statistical significance to assess the benefit or harm
 In dossier assessment also to determine the extend of the effect

confidence interval must lie completely below a certain threshold
 For binary endpoints, RR 
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Summary
 For estimation of 𝜇𝜇 prior information has only little influence
 The less studies are included in meta analysis, the higher is the influence of the 

prior for 𝜏𝜏
 For only two studies 𝜏𝜏 posterior equals almost the chosen prior

 This also holds when noninformative or vaguely informative priors are employed

Particularly the use of prior distribution should be handled with caution, sensitivity 
analyses for the choice of prior are required also when vague prior distributions are 
used. 

Prespecification of methods as well as effect measures is important
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