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Part 1: Methods for covariate measurement error
1. 2:35-2:55 Introduction to measurement error and its effects
2. 2:55-3:15 Regression calibration
3. 3:15-3:35 Simulation extrapolation (SIMEX)
4. 3:35-3:55 Bayesian methods for measurement error correction
3:55-4:00 Questions
4:00-4:30 Coffee Break
Part 2: Examples and special topics
1. 4:30-4:50 Practical worked examples
2. 4:50-5:10 Special considerations for categorical exposures
3. 5:10-5:30 Other types of error
4. 5:30-5:50 Considerations for study design
5:50-6:00 Closing remarks and questions
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Aims and resources
Overall aim
That you will gain the knowledge and confidence to understand the
effects of measurement error and to apply techniques for
measurement error correction in your own work.

I

Emphasis will be on practical application

I

Examples will be used throughout, including R code

I

Key references provided

http://www.biometrische-gesellschaft.de/arbeitsgruppen/
weiterbildung/education-for-statistics-in-practice.html

5/5

Understanding and tackling
measurement error
Introduction to measurement error and its
effects
Ruth Keogh
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Outline

1. Where do we find measurement error?
2. Classical measurement error and its impacts
3. Focus on explanatory variables (exposures and confounders)
measured with error.
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Measurement error in exposures

I

blood pressure

I

biomarker measures

I

weight/height

I

dietary intake

I

physical activity levels

3 / 29

Sources of measurement error

I

Instrument error, laboratory error

I

Errors by individuals recording or making measurements

I

Self-reporting errors

I

Natural fluctuations in the underlying quantity
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Example: Framingham Heart Study
Investigation of interest
To estimate the association between systolic blood pressure (SBP)
and occurrence of coronary heart disease (CHD) over 8 years of
follow-up, adjusted for age and smoking status
The data
I

1615 men and 128 cases of CHD

I

SBP was taken on two occasions (2 years apart)

I

Each SBP measure is the mean of two measures taken on the
same day
https://www.stat.tamu.edu/~carroll/
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Example: Framingham Heart Study
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Set-up
Notation
Y : Outcome
X : True exposure
X ∗ : Measured exposure
U: Error
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What are we interested in estimating?

Linear regression model
Y = β0 + βX X + ε
Logistic regression model
logit Pr (Y = 1|X ) = β0 + βX X
Cox regression model
h(t|X ) = h0 (t)eβX X
What is the impact if we replace X by X ∗ in the regression analysis?
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The triple whammy of measurement error
Carroll RJ, Ruppert D, Stefanski LA, et al. Measurement error in
nonlinear models, 2nd ed. Boca Raton, FL, USA: Chapman &
Hall/CRC, 2006.

Measurement error in covariates has three effects:
1. It causes bias in parameter estimation for statistical models
2. It leads to a loss of power, sometimes profound, for detecting
interesting relationships among variables
3. It masks the features of the data, making graphical model
analysis difficult
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“Classical” measurement error
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Classical measurement error
Definition: Classical measurement error model
X∗ = X +U

I

where U has mean 0

I

...and constant variance σU2

Implications of this model
I

X ∗ is an unbiased measure of X

I

If we had many measurements X ∗ from the same person and
took the average then this would approach the truth, X
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Impacts of classical measurement error

Linear regression model: using X
Y = β0 + βX X + ε
Linear regression model: using X ∗
Y = β0∗ + βX∗ X ∗ + ε

Impacts of classical measurement error
I

Biased estimate of the slope of association - attenuated

I

Loss of power to detect an association
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Impacts of classical measurement error: illustration

Framingham Heart Study data
I

1615 men and 128 cases of CHD

I

SBP was taken on two occasions (2 years apart)

I

Each SBP measure is the mean of two measures taken on the
same day

Using SBP measure 1
Using SBP measure 2
Using the mean of the two SBP measures

log OR
1.60
1.56
1.77

SE
0.38
0.40
0.41
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Impacts of classical measurement error
Linear regression model: using X
Y = β0 + βX X + ε
Linear regression model: using X ∗
Y = β0∗ + βX∗ X ∗ + ε
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Impacts of classical measurement error

https://ruthkeogh-lshtm.shinyapps.io/classical_
measurement_error/
[Created by Christen Gray, LSHTM]

https://stefaniemuff.shinyapps.io/MEC_ChooseL/
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Quantifying the bias due to measurement error
Linear regression model: using X
Y = β0 + βX X + ε
Linear regression model: using X ∗
Y = β0∗ + βX∗ X ∗ + ε

The attenuation factor
We can show that
βX∗


=


var (X )
βX = λ βX
var (X ) + var (U)

Estimating the attenuation factor λ is key to correcting for the effects
of classical measurement error
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Quantifying the bias due to measurement error
The attenuation factor
We can show that
βX∗


=


var (X )
βX = λ βX
var (X ) + var (U)

Estimating the attenuation factor λ is key to correcting for the effects
of classical measurement error
To estimate λ we need some additional information:
1. From an external study
2. A validation study: X is observed alongside X ∗ in a subset of
study participants
3. A replicates study: Repeated measures of X ∗ are available in a
subset of study participants
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Incorporating adjustment
variables
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Incorporating adjustment variables

Hernan M, Cole S. Invited Commentary:
Causal diagrams and measurement bias.
Am J Epidemiol 2009; 170: 959-62
Vanderweele TJ, Hernan MA. Results
on Differential and Dependent
Measurement Error of the Exposure and
the Outcome Using Signed Directed
Acyclic Graphs. Am J Epidemiol 2012;
175: 1303-1310.
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Incorporating adjustment variables
Linear regression model with adjustment variables
I

Z is a perfectly-measured covariate
Y = β0 + βX X + βZ Z + ε
Y = β0∗ + βX∗ X ∗ + βZ∗ Z + ε

Effects of error in X
I

βX∗ is attenuated (i.e. biased towards the null)

I

βZ∗ could be biased in either direction

I

We should be alert to the importance of error in confounding
variables

The same results hold (approximately) for logistic and Cox models
20 / 29

Illustration
Logistic models using X and X ∗ , adjusted for Z
logit Pr (Y = 1|X , Z ) = β0 + βX X + βZ Z
logit Pr (Y = 1|X ∗ , Z ) = β0∗ + βX∗ X ∗ + βZ∗ Z

X and Z positively correlated
Est. SE
Model using X
βX
0.54 0.30
βZ
1.62 0.30
Model using X ∗
βX∗
0.11 0.19
βZ∗
1.82 0.28

X and Z negatively correlated
Est. SE
Model using X
βX
1.10 0.58
βZ
0.89 0.58
Model using X ∗
βX∗
0.62 0.38
βZ∗
0.65 0.53
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Error in several explanatory variables
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Error in several explanatory variables
Linear regression model of interest
Y = β0 + βX X + βZ Z + ε
I

X is measured with classical error
I

I

instead of X we observed X ∗

Z is measured with classical error
I

instead of Z we observed Z ∗

Linear regression model using error-prone measures
Y = β0∗ + βX∗ X ∗ + βZ∗ Z ∗ + ε
βX∗ and βZ∗ may be biased in either direction
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Other types of measurement
error
I

Systematic error
X ∗ = α0 + αX X + U

I

Differential error

I

Berkson error
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Do I have classical error?
Classical error
X∗ = X +U
I

If there are replicate measurements (X1∗ , X2∗ ) available then we
can use graphs to investigate.

I

Replicate measures enable us to get a handle on the degree and
form of the measurement error.

Graphical approach
I

Plot the SD of X1∗ and X2∗ for each individual again the mean of
the two measures

I

No obvious trends suggest measurement error does not depend
on X
25 / 29

Do I have classical error? Illustration
In the Framingham Heart Study data I plotted the SD of the two SBP
measurements against their mean.
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Hypothesis testing

Y = β0 + βX X + βZ Z + ε
Y = β0∗ + βX∗ X ∗ + βZ∗ Z + ε
Is the usual statistical test of the hypothesis that βX∗ = 0 a valid test of
the hypothesis that βX = 0?
I

Because βX∗ = λ βX the usual test is valid.

I

This does not hold under more complex types of error
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Summary points

I

Classical error in a single explanatory variable results in the
coefficient associated with that variable being biased towards the
null

I

Classical error in confounders can cause bias in either direction
for a perfectly measured main exposure

I

Classical error in several explanatory variables can cause bias in
either direction for the coefficients associated with those
variables
Next sessions: correcting for the effects of measurement error
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Understanding and tackling measurement
error: Regression Calibration
Pamela Shaw
Department of Biostatistics, Epidemiology, and Informatics
University of Pennsylvania Perelman School of Medicine

CEN-IBS Vienna, 30 August 2017

Outline

I

The set up: When regression calibration is useful

I

Regression calibration method: introduction

I

Illustrative example

I

Pros and cons of regression calibration

I

A few other extensions of Regression calibration
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Motivation

I

There are many examples of error prone covariates
I

I

Even when only a single covariate is subject to measurement
error in a regression, all coefficients are vulnerable to bias
I

I

Assay variability (lab error), biological variability (e.g. blood
pressure), reporting error (e.g. kcal consumed)

Specifically, precise covariates correlated with both the outcome
and an error prone covariate in regression are subject to bias

Direction of bias is unpredictable when multiple covariates are in
a regression model
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Classical Measurement Error
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The typical setting for regression calibration
Covariate Measurement Error
1. You are interested in a regression with outcome Y that has at
least one error prone X and perhaps other precise covariates
2. A reasonable prediction model for unobserved X based on
observed covariates
I
I

Have data that informs the structure of the measurement error
Can model E[X |X ∗ , Z ]

3. Conditional on (X ∗ , Z ), error in X ∗ is independent of Y and also
is independent of (X , Z )
Examples
I

X ∗ = X + U (classical measurement error)

I

X ∗ = α0 + α1 X + α2 Z + α3 XZ + U (systematic+classical
measurement error)
5 / 22

Example: Biomarker vs Self-Reported Energy Intake
Neuhouser et al. (2008)
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Regression calibration (RC)

Step 1: Fit model for unobserved X based on observed data:
X̂ = E[X |X ∗ , Z ]
Step 2: Replace unobserved X in outcome regression of interest with
X̂
Step 3: Fix up standard errors for extra uncertainty in outcome model
from having to estimate X̂
I

Bootstrap or sandwich SE are two methods to obtain SE for
parameter estimates in final outcome regression model
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RC for linear regression
An exact solution

Suppose:
Y

=

β0 + βx X + βz Z + ε

∗

=

α0 + αx X + αz Z + U

X

and

Then
E[Y |X ∗ , Z ]

= EX |X ∗ ,Z [E(Y |X ∗ , Z )|X ] = EX |X ∗ ,Z [E(Y |Z , X )]
= EX |X ∗ ,Z [β0 + βx X + βz Z ]
= β0 + βx E[X |X ∗ , Z ] + βz Z

Conclusion: regress Y on E[X |X ∗ , Z ] and Z to get right β coefficients.
E[X |X ∗ , Z ] is referred to as the calibrated exposure
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Performing the Calibration
Need data to estimate E[X |X ∗ , Z ]

Three types of supporting information
1. Validation subset: Observe the true X in a subset of individuals
2. Reliability subset: Observe repeat measurements of a classical
measurement error variable X ∗
3. Calibration subset: Observe X ∗ and a second independent
measurement X ∗∗ with classical measurement error

Note: these data could come from an internal or external cohort
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RC Case 1: Classical measurement error+ validation
subset
X∗ = X +U
Consider bivariate normal approximation for distribution of (X , X ∗ ):
E[X |X ∗ ]

=
=
=

where λ =

var(X )
var(X ∗ )

=

cov(X , X ∗ ) ∗
(X − µx ? )
var(X ∗ )
var(X )
µx +
(X ∗ − µx )
var(X ∗ )
(1 − λ )µx + λ X ? ,
µx +

var(X )
var(X )+var(U )

⇒ 0 < λ < 1.

On validation subset can estimate var(X ):
c )
ˆ = var(X
λ
c ∗)
var(X

and

ˆ∗ +λ
ˆ )X̄
ˆ X ∗,
Ê[X |X ∗ ] = (1 − λ
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RC Case 2: Classical measurement error+ reliability
subset
Observe repeat measures of X ∗ on at least a subset
X1∗

= X + U1

X2∗

= X + U2

Then know var(X1∗ − X2∗ ) = var(U1 − U2 ) = 2var(U). So
On reliability subset can estimate var(X ):
c ∗ ) − var(X
c 1∗ − X2∗ )/2
var(X
c )
ˆ = var(X
λ
=
∗
c
c ∗)
var(X
)
var(X

and

ˆ∗ +λ
ˆ )X̄
ˆ X∗
Ê[X |X ∗ ] = (1 − λ
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Example: Framingham Study
Data
I

Binary outcome Y : occurrence of coronary heart disease (CHD)

I

Exposure of interest X (unobserved): ‘long term average’ SBP

I

Instead of X , we observe a single measure of SBP (W1 )

I

There is also a replicate measure from a second time point (W2 )

I

Adjustment variables (Z ): age and smoking status
Regression calibration

Naive model

SBP
Age
Smoking

log OR
1.60
0.05
0.55

SE
0.38
0.01
0.24

SBP
Age
Smoking

log OR
2.20
0.05
0.61

SE
0.50
0.01
0.24
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Performing the calibration
Case 3: ‘linear’ measurement error+ classical error on subset

Observe
X∗
X ∗∗

= α0 + α1 X + α2 Z + U

and

= X +V

Note: Unbiased and independant errors U and V means:
E[X |X ∗ , Z ]

= E[X |X ∗ , Z ] + E[V |X ∗ , Z ] = E[X ∗∗ |X ∗ , Z ]

On calibration subset can estimate E[X |X ∗ , Z ] by regressing X ∗∗ on
X ∗ and Z . That is, one can estimate
X̂ = Ê[X ∗∗ |X ∗ , Z ].
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Example 1 in R: X ? Classical measurement error
with reliability subset

#naive model
##Suppose have xstar1,xstar2 on everyone, where xstar=X+u
mydat$xstarbar<-(mydat$xstar1+mydat$xstar2)/2
naive.model=glm(y~xstarbar+z,family="binomial",data=mydat)
#regression calibration model
varU<-var(mydat$xstar1-mydat$xstar2)/2
meanXhat<-mean(mydat$xstarbar)
lambda<-(var(mydat$xstarbar) -varU/2)/ var(mydat$xstarbar)
mydat$xhat<- lambda*mydat$xstarbar + (1-lambda)*meanXhat
#perform regression calibration
final.model=glm(y~xhat+z,family="binomial",data=mydat)
14 / 22

Illustration in R: Standard Error Estimation
with reliability subset

bootstrap.function<-function(dat,inds){
mydat.boot<-dat[inds,]
varU<-var(mydat.boot$xstar1-mydat.boot$xstar2)/2
meanXhat<-mean(mydat.boot$xstarbar)
lambda<-(var(mydat.boot$xstarbar) -varU/2)/ var(mydat.boot$xstarbar)
mydata.boot$xhat<- lambda*mydat.boot$xstarbar + (1-lambda)*meanXhat
final.model=glm(y~xhat + z,family="binomial",data=mydat.boot)
return(final.model$coef)
}
my.boot<-boot(mydat,bootstrap.function, strata=RCsubset,R=1000)
my.boot
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RC Example 2 in R: systematic error
X ? = α0 + α1 X + α2 Z + U

X ?? = X + e

#naive model
naive.model=glm(y~xstar+z,family="binomial",data=mydat)
#regression calibration model
rc.model=lm(xstarstar~xstar+z, data=mydat)
xhat=predict(rc.model,newdata=mydat)
#perform regression calibration
final.model=glm(y~xhat+z,family="binomial",data=mydat)
16 / 22

RC Example 2: incorporating uncertainty

bootstrap.function<-function(dat,inds){
mydat.boot<-dat[inds,]
rc.model=lm(xstarstar~ xstar + z,data=mydat.boot)
xhat=predict(rc.model,newdata=mydat.boot)
final.model=glm(y~xhat + z,family="binomial",
data=mydat.boot)
return(final.model$coef)
}
mydat=data.frame(y,xstarstar,xstar,z)
my.boot<-boot(mydat,bootstrap.function, strata=RCsubset,R=1000)
my.boot
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Regression calibration in non-linear models

Regression calibration can be applied whenever there are data that
can reasonably estimate X̂ = E[X |X ∗ , Z ].
I

First applied by Prentice (1982) in setting of Cox regression,
where X ∗ was assumed to have classical measurement error

I

In non-linear models, regression calibration is only an
approximation, and estimated outcome regression coefficients
will have some bias

I

Seen to work well in logistic and Cox regression.

I

Performs better for moderate βx and rare events
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Improving regression calibration

I

For non-rare events and Cox regression, Xie et al. (2001)
showed RC can be improved is re-calibrate within each risk set
I
I

I

Called risk-set regression calibration
Can be enough to re-calibrate within every 10th or 5th percentile of
the event times

RC as discussed is generally a linear (”first order”) approximation
for E[X |X ∗ , Z ]. Can improve estimation by using higher order
Taylor series approximation (e.g. quadratic).
I

See Carroll et al. (2006) for more details
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Software

I

R code easy to implement, some R packages are available

I

STATA: Procedure rcal within package merror
I
I

I

http://www.stata.com/merror/
See also:
http://www.stat.tamu.edu/ carroll/eiv.SecondEdition/statacode.php

STATA: eivreg (in case of known error variance)
I

http://www.stata.com/manuals13/reivreg.pdf

I

SAS: NCI SAS macros

I

SAS: Spiegelman macros %blinplus (validation subset),
%relibpls8 (reliability subset), and %rcc (riskset regression
calibration)
I

https://www.hsph.harvard.edu/donna-spiegelman/software/
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Summary
I

Regression calibration probably the most popular method to
address covariate measurement error
I
I

Easy to implement
Flexible for many regression models and error structures, so long
as we have independent error and unbiased error in a subset

I

Regression calibration approach will be exact in linear models
and approximate in non-linear models (logistic, poisson, Cox, etc)

I

Standard errors must be adjusted for uncertainty in calibration
equations
I
I

I

Bootstrap is a practical way to estimate the standard errors
Sandwich variance estimators (from stacked estimating equations,
see Carroll et al. (2006))
Analytic formulas available in some simple settings (e.g. see
Rosner et al. (1992, 1989))
21 / 22
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error: SIMEX
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EDUCATION FOR STATISTICS IN PRACTICE
CEN-IBS Vienna, 30 August 2017

Outline

I

Introduction

I

SIMEX method

I

Illustrative example

I

Pros and cons of SIMEX

I

Summary
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Introduction

I

SIMEX can be applied when there is additive error in a covariate
or misclassification in a covariate or outcome
I

I

A numerical approach in which error of increasing amounts is
added artificially to data and a relationship between the size of
the error and regression coefficients is estimated
I

I

Can be applied when there is no data to estimate error structure
and a method like regression calibration cannot be applied

The true coefficient (zero measurement error) is then extrapolated

SIMEX has been applied in settings with covariate error and with
outcome error
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Classical Measurement Error
Additive error
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Simulation and Extrapolation Method (SIMEX)
Cook and Stefanski (1994)

Assume additive error in covariate X ? = X + u, where u ∼ N(0, σ 2 )
And a regression model for an outcome Y that includes X
Simulation: For B bootstrap iterations, known σ , and λ > 0
I

Generate Xb,i = Xi? + λ 1/2 σ Zb,i , where Zb,i ∼ N(0, 1)
I

I

I

Total error variance in Xb,i is (1 + λ )σ 2

Fit regression model of interest with Xb,i in place of Xi? and
estimate βb,λ
Obtain βˆ as the mean of the B estimates of β
λ

b,λ

Extrapolation
I
I

Fit curve to the generated pairs (λ , βˆλ )
The extrapolated value at λ = −1 (zero error variance) is the
SIMEX estimator
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SIMEX Properties
I

The SIMEX estimator is consistent when the form of the
extrapolation function is correctly specified

I

Cook and Stefanski (1994) showed that the extrapolation
function is exact for many linear regression models

I

In settings where extrapolation function has to be estimated,
SIMEX is only an approximate solution
I

A quadratic extrapolation function βˆ(λ ) = a + bλ + cλ 2 has been
shown to work well in a variety of practical settings

I

Jackknife and asymptotic variance estimates for the SIMEX
estimator have been worked out in some cases

I

Bootstrap variance also works for SIMEX estimator
I

Can be computation-time intensive
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SIMEX Example in R: Classical measurement error
library(simex)
library(mvtnorm)
## Seed
set.seed(49494)
sd_me <- 0.6
n<-100
# Generate data
XZ<- rmvnorm(n,c(1,1),sigma=cbind(c(1,.5),c(.5,1)))
X<-XZ[,1]
Z<-XZ[,2]
Xstar<-X+rnorm(n,0,sd_me)
Y <- X + 2*Z +rnorm(n, sd= 1)
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SIMEX Example in R: Classical measurement error
(...continued)

# Fit models
model_true<- lm(Y~X+Z)
model_naiv <- lm(Y~Xstar+Z,x = TRUE)
summary(model_naiv)
model_simex <-simex(model_naiv, SIMEXvariable = "Xstar",
measurement.error = sd_me,lambda = c(0.5, 1, 1.5, 2),
B = 100, fitting.method = "quadratic")
plot(model_simex)
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SIMEX Example in R: Classical measurement error
(...continued)

> summary(model_naiv)
Call:
lm(formula = Y ~ Xstar + Z, x = TRUE)
Coefficients:
Estimate Std. Error t value Pr(>|t|)
(Intercept)
0.3123
0.1945
1.606
0.112
Xstar
0.7820
0.1194
6.549 2.77e-09 ***
Z
2.1024
0.1532 13.726 < 2e-16 ***
--Residual standard error: 1.305 on 97 degrees of freedom
Multiple R-squared: 0.7925,Adjusted R-squared: 0.7883
F-statistic: 185.3 on 2 and 97 DF, p-value: < 2.2e-16
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SIMEX Example in R: Classical measurement error
(...continued)
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SIMEX Example in R: Classical measurement error
(...continued)

> summary(model_simex)
simex(model = model_naiv, SIMEXvariable
measurement.error = sd_me)
...
Asymptotic variance:
Estimate Std. Error t value
(Intercept)
0.2121
0.1628
1.302
Xstar
1.0133
0.1426
7.104
Z
1.9778
0.1704 11.607
....
Jackknife variance:
Estimate Std. Error t value
(Intercept)
0.2121
0.1943
1.091
Xstar
1.0133
0.1519
6.672
Z
1.9778
0.1634 12.102
...

= "Xstar",

Pr(>|t|)
0.196
2.04e-10 ***
< 2e-16 ***

Pr(>|t|)
0.278
1.56e-09 ***
< 2e-16 ***
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Some practical considerations

I

Settings such as λ ∈ c(0.5, 1, 1.5, 2) and a quadratic
extrapolation function have been seen to work well (e.g. Cook
and Stefanski (1994))

I

Can examine coefficient plots to see if extrapolation is a
reasonable fit

I

Can increase the density of λ , as well as change extrapolation
function, to improve fit

I

Additive error variance (σu2 ) is either known or can be estimated
from reliability subset
I

If error variance estimated, then bootstrap can be used to obtain
standard errors
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Other applications of SIMEX
Likely not an exhaustive list

I

Misclassification (MC-SIMEX): Küchenhoff et al. (2006)
I
I

Method for misclassification in either the covariate or outcome
Software in R (mcsimex) allows user to specifiy own
misclassification function, which could induce differential
measurement error

I

Additive covariate error in accelerated failure time models: He
et al. (2007)

I

Additive covariate error in the marginal hazards model: Greene
and Cai (2004)

I

Spatial covariate error in models of health outcomes associated
with air pollution exposures: Alexeeff et al. (2016)

I

Multiplicative error in a survival outcome: Oh et al. (2017)
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MC-SIMEX
Covariate Misclassification

Suppose have a discrete covariate X ? with j = 1, . . . , k levels. Then
one has Π, a k by k matrix of misclassification probabilities
πij = P(X ? = i|X = j), i = 1, . . . , k ; j = 1, . . . , k
MC-SIMEX simulation step:
For B iterations, introduce more misclassification into X ? by applying
the matrix Πs and estimate a βˆs
MC-SIMEX Extrapolation step:
Fit a curve to the pairs (s, βˆs ) and the MC-Simex estimator is the
value of βs estimated at s = −1 (no misclassification)
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MC-SIMEX
Outcome Misclassification for a binary Y

Suppose have a mismeasured discrete binary outcome Y ? . Then one
again has Π, a 2 by 2 matrix of misclassification probabilities
πij = P(Y ? = i|Y = j), i = 1, 2; j = 1, 2
MC-SIMEX simulation step:
I

For B iterations, introduce more misclassification into Y ? by
applying the matrix Πs and estimate a βˆs

MC-SIMEX Extrapolation step:
I

I

The extrapolation function for βˆs is model dependent, and has an
analytical form in some cases (e.g. logistic regression)
For more information see Küchenhoff et al. (2006). Other models
and ordinal outcome misclassification considered.
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MC-SIMEX Example
Largely taken from Lederer and Küchenhoff (2006)

I

Smoking status is a variable that is often misreported.

I

Can use MC-SIMEX to adjust outcome association for error

Example Set up
I

Suppose 15% of smokers self-report as non-smokers, whereas
non-smokers report 100% accurately

I

Let Y be a binary outcome that is related to smoking through a
logistic model
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MC SIMEX and discrete exposure
Updated

set.seed(415)
n<-200
alpha<- -.1
beta<-log(1.5)
smoking <- ifelse(runif(n)<.35,1,0)
smokingStar<-ifelse((smoking==1 & (runif(n)<.15)),0,smoking)
pY<-exp(alpha+beta*smoking)/(1+exp(alpha+beta*smoking))
Y<-ifelse(runif(n)<pY,1,0)
smoking<-factor(smoking,levels=c(0,1))
smokingStar<-factor(smokingStar,levels=c(0,1))
Pi <- matrix(c(1,0,0.15,0.85),nrow=2)
dimnames(Pi) <- list(c(0,1), c(0,1))
> Pi
0
1
0 1 0.15
1 0 0.85
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MC SIMEX and discrete exposure
(...continued)

naive.model <- glm(Y ~ smokingStar , family = binomial, x = TRUE, y = TRUE)
true.model <- glm(Y ~ smoking , family = binomial)
simex.model <- mcsimex(naive.model, mc.matrix = Pi, SIMEXvariable = "smokingStar")
summary(true.model)
summary(naive.model)
summary(simex.model)
> summary(true.model)
...
Coefficients:
Estimate Std. Error z value Pr(>|z|)
(Intercept) -0.09685
0.17982 -0.539
0.5902
smoking1
0.63585
0.29813
2.133
0.0329 *
--> summary(naive.model)
....
Coefficients:
Estimate Std. Error z value Pr(>|z|)
(Intercept) -0.06252
0.17686 -0.353
0.7237
smokingStar1 0.57335
0.30090
1.905
0.0567 .
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MC SIMEX and discrete exposure
(...continued)
> summary(simex.model)
....
Coefficients:
Asymptotic variance:
Estimate Std. Error t value Pr(>|t|)
(Intercept)
-0.1415
0.1968 -0.719
0.4729
smokingStar1
0.7178
0.3331
2.154
0.0324 *
--Signif. codes: 0 ?***? 0.001 ?**? 0.01 ?*? 0.05 ?.? 0.1 ? ? 1
Jackknife variance:
Estimate Std. Error t value Pr(>|t|)
(Intercept)
-0.1415
0.1939 -0.730
0.4664
smokingStar1
0.7178
0.3348
2.144
0.0333 *

op <- par(mfrow = c(2, 2))
invisible(lapply(simex.model$theta, boxplot, notch = TRUE, outline = FALSE,
names = c(0.5, 1, 1.5, 2)))
plot(simex.model)
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MC SIMEX and discrete exposure
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MC SIMEX and discrete exposure
(...continued)

MC SIMEX will be sensitive to a correctly specified misclassification
matrix
#### Misspecified misclassification matrix
Pi2 <- matrix(c(1,0,0.08,0.92),nrow=2)
dimnames(Pi2) <- list(c(0,1), c(0,1))
summary(mcsimex(naive.model, mc.matrix = Pi2, SIMEXvariable = "smokingStar"))
....
Coefficients:
Asymptotic variance:
Estimate Std. Error t value Pr(>|t|)
(Intercept)
-0.1721
0.1821 -0.945
0.3456
smokingStar1
0.5381
0.3200
1.681
0.0943 .
--Jackknife variance:
Estimate Std. Error t value Pr(>|t|)
(Intercept)
-0.1721
0.1798 -0.957
0.3396
smokingStar1
0.5381
0.3124
1.722
0.0866 .
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Comparison with other methods
I

SIMEX will work well (be consistent) when the exact
extrapolation function is known
I

I

Cook and Stefanski (1994), Küchenhoff et al. (2006) highlight
situations when SIMEX works well, e.g. linear model, probit model

In some settings RC seen to outperform SIMEX, particularly for
Cox model and logistic regression
I

For example see Bang et al. (2013) or Mallick et al. (2002)

I

Published methods show SIMEX an improvement over no
correction for error in many settings

I

He et al. (2007) provide a nice example of how to do a sensitivity
analysis with SIMEX when little is known about the measurement
error

I

Simulation is a great tool to see if SIMEX would work well for a
particular setting
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Software
Not a comprehensive list

R
I

simex package implements SIMEX (Cook and Stefanski (1994))
for additive error and MC-Simex (Küchenhoff et al. (2006)) for
misclassification for a variety of models, along with plots
I

I

See worked examples in Lederer and Küchenhoff (2006)

simexAFT package implements SIMEX for accelerated failure
time models with additive covariate measurement error (He et al.
(2007))

STATA
I

simex command implements SIMEX (Cook and Stefanski (1994))
for additive error; simex plot command creates extrapolation plots

I

See link: http://www.stat.tamu.edu/~carroll/matlab_
programs/MECourse/using_stata_in_framingham.pdf
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Summary

Advantages
I

SIMEX method is intuitive, easy to apply, and easy to explain

I

Can be applied as sensitivity analysis even when we don’t have
any information of measurement error variance

I

Software is available

Disdvantages
I

Only an approximate method in many settings

I

Does not easily extend to other forms of measurement error
beyond random additive error or misclassification
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Why pursue an alternative approach?
Regression calibration
I

Requires an approximation for non-linear models
I
I

logistic
Cox

I

Does not automatically accommodate uncertainty in the
parameters indexing the measurement process

I

Does not extend (easily) to some more complex types of error

SIMEX
I

Relies on an appropriate extrapolation function

I

Does not extend very easily to accommodate more complex
types of error

I

... or error in several variables
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Use of Bayesian methods
Bayesian methods for measurement error correction go back some
time:
Richardson S and Gilks WR. A Bayesian approach to measurement
error problems in epidemiology using conditional independence
models. Am J Epidemiol 1993; 138: 430-442.
Richardson S and Gilks WR. Conditional independence models for
epidemiological studies with covariate measurement error. Stat Med
1993; 12: 1703-1722.
There is a book:
Gustafson P. Measurement error and misclassification in statistics
and epidemiology: impacts and Bayesian adjustments. Boca Raton,
FL, USA: Chapman & Hall/CRC, 2003.
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Use (or non-use) of Bayesian methods

But the methods have not been used much in practice. Why?
I

The apparent need to move from a frequentist to a Bayesian
inferential approach

I

The fact that standard statistical packages have (with exceptions)
not enabled such Bayesian models to be fitted
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Open Access: http:
//journals.sagepub.com/doi/pdf/10.1177/0962280216667764
R and JAGS code:
https://github.com/jwb133/bayesMeasurementError
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Outline

1. Outline the Bayesian approach to measurement error correction
2. Show some results illustrating that Bayes procedures often have
good frequentist properties
3. Contrast with some related approaches
I
I

Maximum likelihood
Multiple imputation
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Starting point
Setting
I

True exposure - unobserved

I

Repeated measures of mismeasured exposure

I

Perfectly measured covariates

Notation
Y : Outcome
X : True exposure
X1∗ , X2∗ : Observed error-prone measures of X
Z : Covariates

Basic idea
Specify a joint model for Y , X , X1∗ , X2∗ |Z
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A joint model
Joint model for Y , X , X1∗ , X2∗ |Z
f (Yi |Xi , Zi , β , η)f (X1i∗ , X2i∗ |Xi , σU2 )f (Xi |Zi , γ)
Outcome model (e.g. linear)
Yi = β0 + βX Xi + βZ Zi + εi
Measurement error model
Xi∗ = Xi + Ui
Model for true exposure
Xi |Zi ∼ N(γ0 + γ1 Zi , σX2 |Z )
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Estimation
Joint model for Y , X , X1∗ , X2∗ |Z
f (Yi |Xi , Zi , β , η)f (X1i∗ , X2i∗ |Xi , σU2 )f (Xi |Zi , γ)
I

As well as specifying the joint model, we must specify priors for
the model parameters.

I

In the Bayesian context the parameters include the unobserved
true values Xi .

Priors
I

For regression coefficients: diffuse normal priors

I

For variances: a Ga(0.5, 0.5) prior for the precision (reciprocal of
variance) parameters

I

In the Cox model: Special prior required for the baseline
cumulative hazard process.
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Estimation
Given specification of the model and priors, Bayesian inference is
then based on the joint posterior distribution of the model parameters.

Bayesian inference for a given parameter
I

Posterior mean

I

95% credible interval formed from the 2.5% and 97.5% centiles
of the posterior distribution

I

In general the posteriors are not available analytically

I

MCMC methods are used to simulate draws from the posterior
distributions
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Software for implementation

I

WINBUGS

I

Open BUGS (www.openbugs.net)

I

Stan (mc-stan.org)

I

Just Another Gibbs Sampler (JAGS): which can be called from R
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Example in R using JAGS
model {
for (i in 1:n) {
y[i] ~ dnorm(mu[i], tauy)
mu[i] <- beta[1] + beta[2]*x[i] + beta[3]*z[i]
x[i] ~ dnorm(mux[i], taux)
mux[i] <- gamma[1] + gamma[2]*z[i]
xstar1[i] ~ dnorm(x[i], tauu)
}
for (i in 1:n1) {
xstar2[i] ~ dnorm(x[i], tauu)
}
beta ~ dmnorm(betamean,betaprec)
gamma ~ dmnorm(gammamean,gammaprec)
tauy ~ dgamma(tauy_alpha, tauy_beta)
tauu ~ dgamma(tauu_alpha, tauu_beta)
sigmau <- pow(tauu, -0.5)
taux ~ dgamma(taux_alpha, taux_beta)
sigmax <- pow(taux, -0.5)
}
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Example in R using JAGS
myburnin <- 1000
mysample <- 10000
inits <- list(beta=c(0,0,0), gamma=c(0,0), taux=1, tauu=1, tauy=0.1)
betamean <- c(0,0,0)
betaprec <- diag(c(0.0001,0.0001,0.0001))
gammamean <- c(0,0)
gammaprec <- 0.0001*diag(2)
jags.data <- list("y"=mydata$y, "z"=mydata$z, "xstar1"=mydata$xstar1,
"xstar2"=mydata$xstar2, "n"=n, "n1"=n1, "betamean"=betamean,
"betaprec"=betaprec, "gammamean"=gammamean, "gammaprec"=gammaprec,
"tauu_alpha"=0.5, "tauu_beta"=0.5, "taux_alpha"=0.5,
"taux_beta"=0.5,"tauy_alpha"=0.5, "tauy_beta"=0.5)
jags.params <- c("gamma", "tauu", "taux", "tauy", "beta")
jagsmodel <- jags.model(data=jags.data, file="lin_reg.bug",n.chains=1,
inits=inits)
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Bayesian approach versus regression calibration
I

Outcome model: Cox regression

I

Event times generated from a Weibull model:
h(t|X , Z ) = κλ t κ−1 eβX X +βZ Z

I

We varied the effect size
βX = 0.1, 0.5, 2

I

...and the degree of measurement error
λ = 0.5, 0.9
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Bayesian approach versus regression calibration
Measurement error (low reliability): λ = 0.5
Effect size: βX
0.1
0.5
2

RC
0.10 (0.09)
0.49 (0.11)
1.49 (0.15)

Bayes
0.10 (0.09)
0.48 (0.11)
1.92 (0.20)

Bayesian cov.
0.98
0.94
0.92

Measurement error (high reliability): λ = 0.9
Effect size: βX
0.1
0.5
2

RC
0.11 (0.10)
0.51 (0.10)
1.84 (0.15)

Bayes
0.11 (0.10)
0.50 (0.10)
1.96 (0.15)

Bayesian cov.
0.96
0.96
0.95
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Example: NHANES data
Aims
To relate known risk factors for cardiovascular disease (CVD)
measured at the original survey to subsequent hazard of CVD, in the
presence of covariate measurement error and missing data.
Sample
6519 individuals, 1469 CVD deaths up to end of 2011
Covariates
I

sex, age, diabetes status

I

Systolic blood pressure (SBP)

I

Smoking status

Outcome model Weibull
Code is available at
https://github.com/jwb133/bayesMeasurementError
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Measurement error and missing data in NHANES

Systolic blood pressure (SBP)
I

Interest is in ‘long-term average’

I

SBP measured at baseline and a follow-up time in a subset

I

Large amount of missing data in baseline SBP: 23% missing

I

Repeated measure available in 6%

Smoking status
I

Subject to a large amount of missingness

I

Observed in only 52%

17 / 24

NHANES example: results

1. Naive analysis ignoring both measurement error and missing
data
2. RC analysis dealing with measurement error but not missing data
3. Bayesian analysis dealing with both issues simultaneously

Sex
Age
Diabetes
SBP
Smoking

Naive

RC

Bayes

0.49 (0.30, 0.67)
0.88 (0.77, 0.99)
0.50 (0.29, 0.72)
0.085 (0.014, 0.157)
0.26 (0.07, 0.46)

0.49 (0.32, 0.68)
0.87 (0.76, 0.99)
0.50 (0.28, 0.72)
0.115 (0.014, 0.221)
0.26 (0.07, 0.45)

0.46 (0.36, 0.57)
1.01 (0.94, 1.09)
0.68 (0.55, 0.81)
0.122 (0.059, 0.186)
0.24 (0.07, 0.41)
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Connection with maximum likelihood estimation
Joint model for Y , X , X1∗ , X2∗ |Z
f (Yi |Xi , Zi , β , η)f (X1i∗ , X2i∗ |Xi , σU2 )f (Xi |Zi , γ)
I

ML estimation and inference is based on the likelihood function,
but does not involve specification of prior distributions for
parameters.

I

In the measurement error correction context the likelihood
function involves intractable integrals, requiring numerical
methods

I

In small samples inference based on symmetric Wald based
confidence intervals may perform poorly
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Connection with multiple imputation (MI)
Measurement error as a missing data problem
I

The true exposure is missing for some or all individuals

I

The mismeasured exposure X ∗ is viewed as auxiliary information

MI is a very popular method for handling missing data and has also
been advocated as an approach for handling measurement error
Cole SR et al Multiple-imputation for measurement-error correction.
Int J Epidemiol 2006; 35: 10741081.
Freedman LS et al. A comparison of regression calibration, moment
reconstruction and imputation for adjusting for covariate
measurement error in regression. Stat Med 2008; 27: 51955216.
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Connection with multiple imputation (MI)

I

In a validation study standard MI software can be used directly

I

In a replicates study (X1∗ , X2∗ ) that is no longer the case

I

MI can be viewed as an approximation to a full Bayesian analysis

I

In the context of covariate measurement error that the
advantages of a direct Bayesian approach seem to far outweigh
the disadvantages, relative to MI
I

I

when only replicate error-prone measurements are available,
standard software for performing MI cannot be applied
standard parametric imputation models in general may not be
compatible with the assumed outcome model
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Advantages of the Bayesian approach

I

A key strength of the Bayesian approach is its flexibility to handle
more complicated models and data structures
I
I
I

both covariate measurement error and missing data
more complex measurement error models
flexible modelling of covariate-outcome associations

I

Software packages allow one to define and fit quite complex user
defined Bayesian models, meaning that there is great flexibility in
adapting the modelling assumptions to the situation at hand

I

Bayesian estimators enjoy the same large sample frequentist
properties as the method of ML
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Outline

I

Example 1: Systematic + random error in exposure

I

Example 2: Error in a survival outcome
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Example 1: Dietary Factors and cancer risk

Question of Interest: Is total energy or protein intake associated with
cancer risk?
To answer this:
I

Obtain dietary intake exposure and outcome information

I

Use regression calibration to obtain error-adjusted estimate of
dietary exposures

I

Perform analysis of cancer outcomes with calibrated exposure
I

Compare naive analysis to error-adjusted analysis
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Data from the Women’s Health Initiative (WHI) Study
Women’s Health Initiative Study Group (1998); Prentice et al. (2006); Beresford et al. (2006)

I

WHI Dietary Modification Trial: Randomized clinical trial to
examine if a diet low in fat would reduce risk of breast and
colorectal cancer in post-menopausal women

I

48835 women aged 50-79 followed for an average of 8.1 years

I

Women randomized to low fat dietary pattern or usual diet

I

Detailed diet and cancer outcomes data were collected

I

A nonsignificant reduction in breast cancer of 9% (p=0.07) for the
intervention compared to the control (usual diet) arm.

I

No suggestion of benefit for colorectal cancer.

Question: Are these weak/negative findings due to lack of efficacy or
lack of aherence?
4 / 23

Actual diet is not observable

Dietary exposure of interest usually defined in terms of a latent ‘true’
underlying average intake
I

Dietary exposure assessment generally relies on self-reported
data that includes systematic bias and random errors

I

Objective “Recovery” biomarkers that capture actual intake exist
for a few nutrients, but generally too burdensome to collect on
entire cohort
I

I

Recovery markers follow classical measurement error model

Examples of Recovery biomarkers
I
I

Doubly-labeled water for energy
Urinary nitrogen for protein
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WHI Dietary Data
Neuhouser et al. (2008)

I

Primary dietary instrument: Food frequency questionnaire (FFQ)

I

FFQ a 132 item questionnaire known to have systematic bias
and random error
I
I

I

Random ‘error’ a mix of true dietary variability and reporting error
Systematic error has been associated with body mass index, age,
gender

Biomarker Subset: Biomarkers for certain nutrients measured on
544 women
I
I

Doubly-labeled water (DLW) for total energy
Urinary nitrogen (UN) for protein
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WHI Example: Evidence of Systematic Bias
Neuhouser et al. (2008)

Neuhouser et al AJE 2008
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WHI Example: Biomarker vs Self-Reported Energy
Neuhouser et al. (2008)

FFQ Energy
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Biomarker Energy
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Random error
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Random & systematic error
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WHI Example: Biomarker vs Self-Reported Protein
Neuhouser et al. (2008)

FFQ Protein Density
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Random & systematic error
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Regression Calibration Analysis
Target Cox regression:
I

λ (t) = λ0 (t) exp(βx X + βz Z )

X= unobserved dietary intake and Z=precisely observed covariates
Cox regression with same β :
b + βz Z )
I λ (t) = λ0 (t) exp(βx X
b = E[X |X ? , Z ] = unobserved dietary intake and Z=precisely
where X
observed covariates
b if we have at least 2 estimates of X with
We can measure X
independent errors, and at least 1 with classical measurement error
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Recall: RC Case 3: ‘linear’ measurement error+
classical error on subset
Observe
FFQ
Biomarker

X∗

=

α0 + α1 X + α2 Z + U

∗∗

=

X +V

X

and

Note: Unbiased and independant errors U and V means:
E[X ∗∗ |X ∗ , Z ] = E[X |X ∗ , Z ] + E[V |X ∗ , Z ] = E[X |X ∗ , Z ]
On biomarker subset can estimate E[X |X ∗ , Z ] by regressing
biomarker intake X ∗∗ on FFQ intake X ∗ and other precise covariates
b = E[X
b ∗∗ |X ∗ , Z ].
Z . That is, one can estimate X
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Key models in R
Calibration model E(X ?? |X ? , Z ) = E(X |X ? , Z ) = γ0 + γ1 X ? + γ2T Z and Outcome model

X =Energy Intake, X ? =FFQ Energy, X ?? =Biomarker Energy,
Z = (BMI, AGE, Race, Income, Physical Activity)
#regression calibration model
rc.model=lm(BM_ENERGY~FFQ_ENERGY+BMI+AGE+RACE+PA, data=mydat)
xhat=predict(rc.model,newdata=mydat)
#naive outcome model
naive.model=coxph(Surv(delta,time) ~ FFQ_ENERGY+BMI+AGE+RACE+PA,data=mydat)
#perform regression calibration
final.model=coxph(Surv(delta,time) ~ xhat+BMI+AGE+RACE+PA,data=mydat)
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Incorporating uncertainty

bootstrap.function<-function(dat,inds){
mydat.boot<-dat[inds,]
rc.model=lm(BM_ENERGY~FFQ_ENERGY+BMI+AGE+RACE+PA, data=mydat.boot)
xhat=predict(rc.model,newdata=mydata.boot)
final.model=coxph(Surv(delta,time) ~ xhat+BMI+AGE+RACE+PA,data=mydat.boot)
return(final.model$coef)
}
my.boot<-boot(mydat,bootstrap.function, strata=RCsubset,R=1000)
my.boot
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Results: Naive -◦- vs Calibrated -•Prentice et al. (2009)
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Evidence that BMI is an important mediator
Prentice et al. (2009)
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Example 1 Summary

I

Naive analyses with FFQ dietary intakes missed important
associations with outcome

I

Calibrated analyses found several significant associations,
including cancers with an a priori suspected dietary link (total,
colon, breast, endometrial cancers)

I

Variables highly correlated with both outcome and unobserved
exposure can create some analytical/interpretation challenges

I

Lack of mediation for FFQ energy intake variable potential
evidence that this variable had low correlation with target
exposure
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Example 2: Pushing SIMEX To a New Frontier
Multiplicative Error in a Survival Outcome

Suppose T ? = T × exp(ν).
Then log T ? = log T + ν
Question: Can we use the SIMEX technique to adjust a survival
analysis for error in a time to event outcome T?
Answer: For random (unbiased) multiplicative error in T , it appears to
be Yes
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Analysis: Predictors of Virologic Failure in HIV+
Subjects
I

The Vanderbilt Comprehensive Care Clinic (VCCC) is a large
HIV clinic that collects EHR data including demographics,
laboratory measurements, and pharmacy dispensations

I

All key research variables have been fully validated, meaning the
study contains both the validated and unvalidated event times

I

Time-to-event is defined to be the time from the start of ART to
the time at virologic failure

I

Date of ART initiation is prone to error- so time to virologic failure
is error prone
I
I

Here event indicator largely without error
Can approximate error model as T ? = T × exp(ε).
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Accelerated Failure Time (AFT) Model: Motivates
SIMEX approach
Oh et al. (2017)

log T
log T ?
log T

?,s

= α0 + α1 X + σ ε

AFT model

= α0 + α1 X + σ ε + ν

error prone outcome

= α0 + α1 X + σ ε + ν + ω

SIMEX simulation step

where ω ∼ N(0, λ σν2 ) so total error variance in log T ?,s = (1 + λ )σν2
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Extrapolation Step
Oh et al. (2017)

Figure: The quadratic approximations of the β parameters as a function of λ
for CD4 (a), sex (b), and age at enrollment (c), extrapolated to λ = −1.
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Results
Oh et al. (2017)

Table: The hazard ratios (HR) and their corresponding bootstrap 95%
confidence intervals for sex, a 100-unit increase in enrollment CD4, and a 10
year increase in age at enrollment for the time at virologic failure post ART.

True
Naive
SIMEX

Sex
1.047 (0.950,1.155)
1.020 (0.926,1.123)
1.025 (0.929,1.131)

Multivariate
100 × CD4
0.883 (0.867,0.900)
0.885 (0.869,0.901)
0.882 (0.862,0.902)

10 × Age at Enrollment
0.975 (0.935,1.017)
0.973 (0.933,1.014)
0.967 (0.926,1.010)
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Summary of Example 2

I

Little bias in naive analysis
I

I

Simulation study showed multiplicative error expected to cause
error in this setting (data not shown)
Suspect covariate dependent error ‘canceling out’ bias

I

Validation study provided necessary estimate of error variance
and informed error structure

I

SIMEX a useful too for sensitivity analysis: estimate bias for
different levels of hypothesized error
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Outline

So far we have focused on measurement error in continuous
explanatory variables, but we also frequently face error in binary or
categorical explanatory variables
1. What are impacts of misclassification in categorical exposure?
2. Simple methods for correcting for misclassification
3. The predictive value weighting (Lyles & Lin 2010) approach
4. Something surprising: categorization of continuous exposures
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Motivating example

I

Greenland et al (1994) reported results of a case-control study
examining occupational exposure to resins and lung cancer
mortality among male transformer assembly workers.

I

Resin exposure (based on historical records) is dichotomised.

Case-control status Y
1
0
I

Occupational resin exposure (X ∗ )
1
0
45
94
257
945

The resin exposure is based on historical records, and is
therefore likely subject to misclassification.
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Two by two setting

Outcome Y
1
0

1
A11
A01

True exposure X
0
A10
A00

Total
N1
N0

Outcome Y
1
0

Misclassified exposure X ∗
1
0
A∗11
A∗10
A∗01
A∗00

Total
N1
N0
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Quantifying misclassification
sensitivity and specificity
Sensitivity
Se = P(X ∗ = 1|X = 1)
Specificity
Sp = P(X ∗ = 0|X = 0)

Predictive values
Positive predictive value (PPV)
PPV = P(X = 1|X ∗ = 1)
Negative predictive value (NPV)
NPV = P(X = 0|X ∗ = 0)
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A simple method for correcting for misclassification

Case-control status Y
1
0

True exposure X (Misclassified exposure X ∗ )
1
0
(A11 ) A∗11
(A01 ) A∗01

(A10 ) A∗10
(A00 ) A∗00

Total
N1
N0

Definitions
Sensitivity: Se = P(X ∗ = 1|X = 1)
Specificity: Sp = P(X ∗ = 0|X = 0)
We can find the following relationships:
A∗11 = Se × A11 + (1 − Sp) × A10
A∗10 = Sp × A10 + (1 − Se) × A11
The same equations hold replacing A1k by A0k (under what
assumption?)
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A simple method for correcting for misclassification
Expected true cell counts
Rearranging the equations (see Rothman 2008) we get:
A11
A10
A01
A00

Sp × N1 − A∗10
Se + Sp − 1
= N1 − A11
Sp × N0 − A∗00
=
Se + Sp − 1
= N0 − A01
=

The calculated values of Aij are the cell counts we would have
expected to have seen had we not had misclassification.
Having calculated A11 , A10 , A01 and A00 , we can calculate an odds
ratio (OR) estimate adjusted for misclassification.
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Example: Occupational resin exposure

Case-control status Y
1
0

Occupational resin exposure (X ∗ )
1
0
45 (A∗11 )
94 (A∗10 )
257 (A∗01 )
945 (A∗00 )

Naive odds ratio estimate: 1.76
Suppose that Se = 0.9 and Sp = 0.8
A11
A10
A01
A00

0.8 × 139 − 94
= 24.57
0.9 + 0.8 − 1
= 139 − 24.57 = 114.43
0.8 × 1202 − 945
=
= 23.71
0.9 + 0.8 − 1
= 1202 − 23.71 = 1178.29
=

Corrected odds ratio: (24.57/114.32)/(23.71/1178.29) = 10.68.
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The impact of misclassification

Non-differential misclassification
I

Random non-differential misclassification in a binary exposure
causes bias towards the null when the outcome is binary and
there are no confounders

Differential misclassification
I

When the sensitivity and specificity are different in cases and
controls we have differential misclassification

I

Under differential misclassification the bias in the OR estimate is
not necessarily towards the null
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Corrected estimates for the resin – lung cancer data
I

The table below, reproduced from Rothman (2008), shows
corrected OR estimates for different Se and Sp values.

I

The naive OR estimate was 1.76.

Cases
Se Sp
0.9 0.9
0.8 0.9
0.9 0.8
0.8 0.8

Se:
Sp:

0.9
0.9
2.34
2.83
1.29
1.57

Controls
0.8
0.9
0.9
0.8
2.00 19.3
2.42 23.3
1.11
10.7
1.34 12.9

0.8
0.8
16.5
19.9
9.1
11.0

Unless we know the values very precisely, there is quite a lot of
uncertainty induced in the corrected estimates.
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A more general result
True joint probabilities
Pyx = Pr (Y = y, X = x)
Observed joint probabilities
∗
= Pr (Y = y , X ∗ = x)
Pyx

Matrix of misclassification probabilities
Sij = Pr (X ∗ = i|X = j)

Corrected probabilities
P11
P01
I

P10
P00

!
=

∗
P11
∗
P01

∗
P10
∗
P00

!

S11
S01

S10
S00

!−1

This can be generalised to misclassification in a categorical
exposure with more than two categories, and also to
misclassification in the outcome
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A more general result

Barron BA. The Effects of Misclassification on the Estimation of
Relative Risk. Biometrics 1977; 33: 414-418.
Greenland S, Kleinbaum DG. Correcting for misclassification in
two-way tables and matched-pair studies. International Journal of
Epidemiology 1983; 12: 93-97.
The episensr package in R performs these methods
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Application

misclassification(matrix(c(45,94,257,945),
dimnames = list(c("CHD+", "CHD-"),
c("Resin+", "Resin-")),
nrow = 2, byrow = TRUE),
type = "exposure",
bias_parms = c(0.9,0.9,0.8,0.8))
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Application
--Observed data-Outcome: CHD+
Comparing: Resin+ vs. ResinResin+ ResinCHD+
45
CHD257

94
945

2.5%
97.5%
Observed Relative Risk: 1.646999 1.182429 2.294094
Observed Odds Ratio: 1.760286 1.202457 2.576898
--Misclassification Bias Corrected Relative Risk: 5.748835
Misclassification Bias Corrected Odds Ratio: 10.669314
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Exposures with > 2 categories

I

Non-differential misclassification in a binary exposure results in
bias towards the null

I

But, non-differential misclassification in variables with > 2
categories can result in bias in either direction

Dosemeci M et al. Does nondifferential misclassification of exposure
always bias a true effect toward the null value? Am J Epidemiol 1990;
132: 746-748.
Weinberg CR et al. When will nondifferential misclassification of an
exposure preserve the direction of a trend? Am J Epidemiol 1994;
140: 565-571.
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Exposures with > 2 categories

Dosemeci M et al. Does
nondifferential
misclassification of
exposure always bias a true
effect toward the null
value? Am J Epidemiol
1990; 132: 746-748.
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Other methods for correcting for exposure
misclassification

I

MC-SIMEX (see earlier SIMEX session)

I

Bayesian approach

I

Predictive value weighting

All require information about misclassification probabilities:
I

Known sensitivity and specificity

I

Validation study with X observed

I

Replicates study: a minimum of three measures are needed to
identify the misclassification probabilities.
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Predictive value weighting

Lyles RH, Lin J. Sensitivity analysis for misclassification in logistic
regression via likelihood methods and predictive value weighting.
Statistics in Medicine, 29:2297-2309, 2010.

Setting
I

true exposure X

I

X ∗ is the misclassified version of X

I

binary outcome Y

I

confounders Z
logit Pr (Y = 1|X = x, Z = z) = β0 + βX X + βZ Z
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Predictive value weighting
The basic idea is to reconstruct data that might have been observed
under no misclassification This involves use of the PPV and NPV
PPVyz = Pr (X = 1|X ∗ = 1, Y = y, Z = z)
NPVyz = Pr (X = 1|X ∗ = 1, Y = y, Z = z)
∗
πyz
= Pr (X ∗ = 1|Y = y, Z = z)

Link to sensitivity and specificity
PPVyz
NPVyz

!


=

∗
(Seyz −1)πyz
∗
Seyz (πyz −1)

1

1
∗ −1)
(Spyz −1)(πyz

−1


∗
Spyz πyz

1
1

!

These are used as weights in a logistic regression model
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Predictive value weighting

1. Create a duplicate of each subject in the dataset
2. Create a new column in which we store the true exposure, which
is X = 1 for the original copy of the data and X = 0 in the
duplicate copy
3. For each subject calculate the predictive probabilities
P(X = 1|Y , X ∗ , Z ) and P(X = 0|Y , X ∗ , Z )
4. Fit a weighted logistic regression of Y on X and Z
I
I

the X = 1 records are weighted by P(X = 1|Y , X ∗ , Z )
the X = 0 records are weighted by P(X = 0|Y , X ∗ , Z )
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Example: Sudden infant death syndrome and
maternal antibiotic use (Lyles & Lin 2010)
Expanded data

Observed data
X∗
Y
1
0

1
122
101

0
442
479

Y
1
1
1
1

X∗
1
1
0
0

X
1
0
1
0

Number
122
122
442
442

Weight
PPV1
1 − PPV1
1 − NPV1
NPV1

0
0
0
0

1
1
0
0

1
0
1
0

101
101
479
479

PPV0
1 − PPV0
1 − NPV0
NPV0
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Predictive value weighting

How to calculate the predictive probabilities P(X = 1|Y , X ∗ , Z ) and
P(X = 0|Y , X ∗ , Z ):
I

Methods require sensitivity and specificity values (possibly
depending on Y and Z , if differential)

I

Fit a model for P(X ∗ = 1|Y , Z ), using logistic regression.

I

Calculate implied values of P(X = 1|Y , X ∗ , Z ) and
P(X = 0|Y , X ∗ , Z )

Bootstrapping can be used to obtain confidence intervals and
p-values.
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Predictive value weighting

For example R code on predictive value weighting, from Jonathan’s
Bartlett’s blog:
http://thestatsgeek.com/2014/05/08/
adjusting-for-covariate-misclassification-in-logistic
-regression-predictive-value-weighting/
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Categorizing continuous exposures

I

Above we focused on genuinely categorical variables

I

People love to categorize continuous variables

I

...whether or not we think it is a good idea

Examples
I

Body mass index

I

Number of cigarettes smoked per day

I

Average daily energy intake
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Categorizing continuous exposures

Consider a continuous exposure measured with classical error
X∗ = X +U

Suppose we wish to dichotomize X for the analysis:
1. Using a fixed threshold: Xcat = I(X > c)
2. Using a threshold at the median Xcat = Med(X )
What is the impact of the classical measurement error?
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Categorizing continuous exposures
Consider a continuous exposure measured with classical error
X∗ = X +U
Suppose we wish to dichotomize X for the analysis:
1. Using a fixed threshold: Xcat = I(X > c)
2. Using a threshold at the median Xcat = Med(X )

Surprising result
I

∗ is differential w.r.t Y
Misclassification in Xcat

I

Intuition: individuals with X close to the threshold are more likely
to be misclassified
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Categorizing continuous exposures
I

Categorizing a continuous exposure can induce differential
misclassification even when the error in the continuous variables
was classical (non-differential)

I

We know that differential misclassification can result in bias in
either direction

Dalen I et al. Regression analysis with categorized regression calibrated
exposure: some interesting findings. Emerging Themes in Epidemiology
2006, 3:6.
Dalen I et al. Correction for misclassification of a categorized exposure in
binary regression using replication data. Statistics in Medicine 2009; 28:
33863410.
Keogh RH et al. Correcting for Bias due to Misclassification when
Error-prone Continuous Exposures Are Misclassified. Epidemiologic Methods
2012; 1: 1.
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Categorizing continuous exposures

It may be tempting to perform regression calibration using the
continuous exposure:
X̂ = E(X |X ∗ , Z )
... and then categorize the ‘calibrated’ values X̂ .
This is a bad idea and gives biased estimates:
I

Regression calibration does not preserve the distribution of X

I

If categorization is based on quantiles (e.g. the median) then the
X̂ will have the same ranks as the X ∗ , so the ‘corrected’
estimates will be identical to the naive estimates.
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Summary
I

Simple methods for correcting for the effects of misclassification
are available for simple settings

I

A predictive value weighting approach can be used in more
realistic settings

I

Methods require sensitivities and specificities

I

Conclusions may be highly sensitive to assumptions about
Se/Sp.

I

The effects of misclassification in multiple covariates and
exposures with > 2 categories are not easy to predict.

I

Categorizing continuous exposure may seem innocent, but it can
have unintended consequences when there is measurement
error
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Outline

We have focused so far mainly on classical error and on error in
explanatory variables.
This session covers a mixed bag of other types of error...
I

Systematic error

I

Differential error

I

Berkson error

I

Error in the outcome

...what are their impacts and we can we do about it (briefly!)
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Systematic error
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Systematic error
Classical error
X∗ = X +U

Systematic error
X ∗ = θ0 + θ1 X + U
I

It results in biased associations, with the bias in any direction

I

To correct for the effects of systematic error we require an
unbiased measure in a subset of individuals

I

Systematic error arises especially in nutritional epidemiology

I

Typical scenario: self-reported measurements + biomarkers
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Studying the structure of measurement error
Structural equation models have been used to study the structure of
measurement error in different dietary assessment instruments.

Structural model [i: individual, j: occasion]
Food frequency questionnaire
Diet diary
Biomarker

Qij = αQ + βQ Xi + sQi + UQij
Rij = αR + βR Xi + sRi + URij
Mij = Xi + UMij

Kaaks R et al. Estimating the accuracy of dietary questionnaire
assessments: validation in terms of structural equation models. Statistics in
Medicine 1994; 13:127-142.
Keogh et al. Using surrogate biomarkers to improve measurement error
models in nutritional epidemiology. Statistics in Medicine 2013; 32:
3838-3861.
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Studying the structure of measurement error
Structural equation models have been used to study the structure of
measurement error in different dietary assessment instruments.

Structural model [i: individual, j: occasion]
Food frequency questionnaire
Diet diary
Biomarker

Qij = αQ + βQ Xi + sQi + UQij
Rij = αR + βR Xi + sRi + URij
Mij = Xi + UMij

I

The self-reported measures have systematic errors, random
errors (U), and person-specific errors (s)

I

The unbiased biomarker is crucial for identifiability

I

Models can be fitted by method of moments, maximum
likelihood, Bayesian methods
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Differential error
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Differential measurement error

I

Differential error often occurs in case-control studies, when
measurements take place after the outcome has occurred.

I

One form of differential error arises due to recall bias

I

In prospective cohort studies in which information is collected as
baseline, error is likely to be non-differential
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Differential measurement error

Differential error (example)
X ∗ = θ0y + θ1y X + Uy ,

y = 0, 1

I

The error variance may depend on case/control status

I

The systematic error parameters may depend on case-control
status

Impact
Differential error can result in bias in either direction
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Correcting for differential error

I

Regression calibration relies crucially on the assumption that
errors are non-differential

I

SIMEX also does not extend to differential error

Methods accommodating differential error
I

Moment reconstruction

I

A Bayesian approach

I

Multiple Imputation
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Quick outline of moment reconstruction
Freedman et al. A new method for dealing with measurement error
in explanatory variables of regression models. Biometrics 2004; 60:
172-181.

The general idea
I

Construct a variable XMR that has the same distribution as the
true exposure X

I

Use XMR in place of X in the analysis model of interest

Construct XMR in such a way that its first two moments joint with Y
are the same as the moments of the joint distribution for (X , Y ):
s
XMR (X , Y ) = E(X |Y ) +

cov(X |Y )
(X ∗ − E(X |Y ))
cov(X ∗ |Y )
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Quick outline of moment reconstruction
Freedman et al. A comparison of regression calibration, moment
reconstruction and imputation for adjusting for covariate measurement error
in regression. Statistics in Medicine 2008; 27: 5195-5216.
I

Moment reconstruction has been extended to include more
moments

I

This is called moment adjusted imputation

Thomas et al. Moment adjusted imputation for multivariate measurement
error data with applications to logistic regression. Computational statistics &
data analysis 2013; 67: 15-24.
Thomas et al. A Moment-Adjusted Imputation Method for Measurement
Error Models. Biometrics 2011; 67: 1461-70.
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Bayesian methods and multiple imputation (MI)
I

These approaches are particularly well suited to handling
differential error

I

Because they involve obtaining draws from the posterior
distribution of X |Y , X ∗ , Z

Cole et al. Multiple-imputation for measurement-error correction. IJE 2006;
35: 1074-81.
Freedman et al. A comparison of regression calibration, moment
reconstruction and imputation for adjusting for covariate measurement error
in regression. Stat Med 2008; 27: 5195-5216.
I

MI is ‘easy’ of we have a validation study

I

But if we have to deal with a replication study there is no readily
available software

I

My opinion: you might as well go the whole hog and use a fully
Bayesian approach
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Berkson error
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Berkson error

Classical error
X∗ = X +U

Berkson error
X = X∗ +U
With Berkson error the true exposure is more variable than the
observed exposure.
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Berkson error
I

Berkson error occurs especially in environmental and
occupational epidemiology

I

When scores are assigned to individuals on the basis of a
prediction or calibration equation, these scores are subject to
Berkson error
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Impact of Berkson error
Regression model of interest
Y = β0 + βX X + βZ Z + ε
Y = β0∗ + βX∗ X ∗ + βZ∗ Z + ε
Berkson error in an exposure does not give rise to biased estimates.
E(Y |X ∗ , Z ) = β0 + βX E(X |X ∗ ) + βZ Z
Under the Berkson error model E(X |X ∗ ) = X ∗
https://stefaniemuff.shinyapps.io/MEB_ChooseL/
I

Berkson error still brings reduced power

I

Implication for study design: if we assume error is Berkson when
it is really classical we will grossly overstate the power
17 / 29

Mixture of classical and Berkson error
Arises when an individual’s exposure is determined based on some
direct measures for the individual and some information obtained at
the “group” level.

Example: exposure to pollutants
Group level information: a spatial model of pollution and the
amounts of time spent by the individual in a different locations
Individual level information: direct measurements, e.g. from a
personal monitor
Impact: Attenuation of the main exposure effect, with the degree
depending on the relative amounts of classical and Berskon error.
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Mixture of classical and Berkson error

X = L + UBerkson
X ∗ = L + UClassical
L = f (Z ; ψ) + e
Reeves G et al Some aspects of measurement error in explanatory
variables for continuous and binary regression models. Statistics in
Medicine 1998; 17: 2157-2177.
Mallick B et al Semiparametric regression modeling with mixtures of
Berkson and classical error, with application to fallout from the
Nevada test site. Biometrics 2002; 58: 13-20.
https:
//www.stat.tamu.edu/~carroll/matlab_programs/software.php
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Error in the outcome
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Error in the outcome

Outcome model
Y = β0 + βX X + βZ Z + ε
Y ∗ = β0∗ + βX∗ X + βZ∗ Z + ε
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Impact of error in the outcome
Continuous outcomes
I

Classical error does not result in a biased estimate of the
association of explanatory variables with that outcome. Tests and
confidence intervals are valid, but less powerful

I

Berkson error results in biased estimates

I

The impact of classical and Berkson errors in outcomes versus
an exposure are opposite

Binary outcomes
I

Misclassification of an outcome results in biased estimate of the
association of explanatory variables with that outcome.

I

Methods for handling misclassification in categorical exposures
extend to misclassification of an outcome
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Systematic error in the outcome
Error model
Y ∗ = θ0 + θ1 Y + V

Analysis model of interest
Y = β0 + βX X + ε
Buonaccorsi JP. Measurement error in the outcome in the general
linear model. Journal of the American Statistical Association 1996;
91:633642.
Carroll RJ et al. Measurement Error in Nonlinear Models: A Modern
Perspective (Second edn). Chapman and Hall: Boca Raton, FL,
2006. [Chapter 15]
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Systematic error in the outcome

Error model
Y ∗ = θ0 + θ1 Y + V

Analysis model of interest
Y = β0 + βX X + ε

A simple solution
Y ∗ −θ0
θ1

I

Use

I

... requires estimates of θ0 , θ1

as the outcome
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Systematic error in the outcome
Error model
Y ∗ = θ0 + θ1 Y + V

Analysis model of interest
Y = β0 + βX X + ε
Scenario: The true outcome is available in a validation subset

Buonaccorsi’s approach (Buonaccorsi 1996)
( 1)
1. Fit the analysis model in the subset → βˆX

2. Fit the analysis model on everyone using

Y ∗ −θ0
θ1 :

( 2)

→ βˆX

3. Obtain a weighted combined estimate
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Systematic error in the outcome

I

Systematic and differential error can arise in trials with
self-reported outcomes when participants are aware of their
intervention group

I

Buonaccorsi’s method extends to handle differential error

Keogh et al. Statistical issues related to dietary intake as the
outcome variable in intervention trials. Statistics in Medicine 2016;
35: 4493-4508.
I

If there is a ’gold standard’ measure on a subset of individuals
there isn’t always much to be gained by also using self-reported
outcome measures with differential error

I

This should be considered carefully in the study design
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Outline

I

Understanding impact of measurement error: How does it affect
hypothesis testing?

I

Measurement error effect on power

I

Sample size considerations for classical measurement error

I

Example power study

I

Discussion
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Classical Measurement Error and Type I error
Classical measurement error in a (continuous) covariate X ? cannot
cause spurious associations for βbX?
Conclusions Tests of the null βX = 0 using βbX? will be valid under
classical measurement error (Prentice (1982))
Caveat 1: Power will be lessened by noisy covariates
Caveat 2: Anti-conservative bias can occur in other covariates in
regression associated with both X and Y
Caveat 3: Anti-conservative bias can occur in βX even with
non-differential error in X ? if X is a polychotomous categorical
variable (Dosemeci et al. (1990))
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Differential Measurement Error and Type I error

Systematic bias or differential measurement error in X ? can cause
spurious associations for βbX? .
Conclusions Tests of the null βX = 0 are generally not valid using βbX?
under systematic bias or differential measurement error
Bias direction for other regression covarates is unpredicatable.
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Classical Measurement Error (CME) Impact on
Sample Size
Three commonly used tests of association
ˆ

1. Wald test √ β

V (βˆ )

for Model E(Y |X ) = α + β X

2. Score or LR statistic for logistic model logit(Pr (Y = 1)) = α + β X
3. Score test for Cox model λ (t|X ) = λ0 (t) exp(β X )
Suppose observe X ∗ = X + u, for u ∼ N(0, σu2 ) (CME), where
Cor (X ∗ , X ) = ρ

I

Lagakos (1988) showed the “asymptotic relative efficiency” of a
regression using X ? instead of X is ρ 2 .

I

2
This factor is the partial r-squared correlation ρXX
? |Z for a
regression involving other precise covariates Z
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Sample Size and Cor (X ? , X )
Lagakos 1988

If n gives desired power for X , then naive analysis with X ? needs
n? = n/ρ 2
Table: ρ = Cor (X ? , X ) and sample size inflation
ρ

n? /n

1
0.90
0.80
0.70
0.60
0.50
0.40
0.30
0.20
0.10

1
1.23
1.56
2.04
2.78
4.00
6.25
11.1
25.0
100
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Sample Size and ICC

Correlation coefficient ρ = Cor (X ∗ , X )
ρ=

Cov (X ∗ ,X )
σX ∗ σX

=

Cov (X +u,X )
σX ∗ σX

=

Var (X )
σX ∗ σX

=

σX
σX ∗

Intraclass correlation coefficient (ICC)
ICC =

Varb
Varb +Varw

=

Var (X )
Var (X )+Var (u )

=

Var (X )
Var (X ? )

=

Var (X )
Var (X ? )

= ρ2

Lagakos 1988 sample size formula:
If n gives desired power for X , then naive analysis with X ? needs
n? = n/ICC = n/ρ 2
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Sample Size and ICC (2)

Table: ICC and sample size inflation
ICC

n? /n

1
0.90
0.75
0.50
0.25
0.20
0.10

1
1.11
1.33
2
4
5
10
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Power as a function of the reliability coefficient

ICC = 1

100

ICC = .50
80
ICC = .25
Power

60

40
ICC = .10
20
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100
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300

400
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600

Sample Size
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Study Designs to Address Measurement Error
With Ultimate goal is to assess relationship between an unmeasured X and outcome Y

Addressing Measurement error generally a two-step process
1. Need to do an ancillary study to assess measurement error
structure
2. Adjust final data analysis of Y and error prone X ? for error
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Nomenclature
Validation Study
Study in which true X and error-prone X ? are measured
Reliability/Reproducibility Study
Study in which multiple measures of X ? are measured
I

For classical measurement error this is all that is needed

Calibration Study
X ? with systematic error and X ?? with classical error are measured
Internal Validation/Reliability Study
Done in the same cohort under study
External Validation/Reliability Study
Done in a different cohort under study
I

Generally considered less reliable than internal studies: needs
transportability (Carroll et al. (2006), Section 2.2.5)
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Choosing size of a validation study
Assume single continuous exposure error and CME

Recall: βX ? = λ βX

⇒

One has: Var (βbX ) ≈

Var (βbX ? )
λ2

βbX = βbX ? /b
λ
+

ˆ)
Var (βbX2 ? )Var (λ
λ4

(Rosner et al. (1989))

Note second term is the extra variability from estimating λ .
One can then use usual techniques to power regression with this
adjusted variance
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Powering study of relative risk with calibration
Kaaks et al. (1995)

I

Suppose have error model: X ? = γ0 + γ1 X + u

I

Analytic goal: obtain calibration factor λ from calibration
substudy and estimate βbX = βbX ? /b
λ

I

Consider case where model of log-linear rate between exposure
X and relative risk is reasonable, i.e.
log(disease rate at true exposure X) = α + β X

I

Assume cohort study setting where cases are the minority

I

Kaaks et al. (1995) translates formula from Rosner et al. (1989)
into a closed form of the variance of the relative risk estimate βb
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Powering study of relative risk with calibration (2)
Kaaks et al. (1995)

Let D be the necessary # of cases for study if X were available, then
1
1
+ C)
, where Var [E(X |X ? )] = ρx ? x σx2 and
D
Var [E(X |X ? )]

βbX

=

(

C

=

1 − ρx2? x
1 2
β Var [E(X |X ? )]
N
ρx2? x

p
Here N is the size of the calibration study and β Var [E(X |X ? )] is
strength of association between X ? and disease risk
Note:
1. C is the statistical cost of the calibration study, i.e. C=0 means
Var (βˆ ) is not increased
2. D̃ = ( D1 + C)−1 is the effective sample size and D̃/D expresses
the relative efficiency of the calibration study
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One can reduce variability in two ways
Carroll et al. 1997a, Carroll et al. 1997b

1. Increase number of subjects in the calibration study
2. Increase the number of measurements per person

Which strategy is optimal depends on
I

ratio of between to within person variability

I

relative cost of additional individuals versus measures/individual
ˆ
analytical goal of the study - e.g. estimating Cor (X , X ? ) or βˆ ? /λ

I

X
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Optimal designs for allocating a fixed number of
measurements in a Calibration/Reliability Study
A few representative papers

Several have studied optimal design of a reliability study if only
interested in precision of Cor (X , X ? )
I

e.g. see Rosner and Willett (1988), Stram et al. (1995)

A few have studies optimal design of calibration study if interested in
ˆ
relative risk estimate βˆX? /λ
I

e.g. see Carroll et al. 1997b
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Further considerations for study design
I

Shrout and Fleiss (1979) presented different measures of
reliability and their confidence intervals
I

I

I

Fraser and Stram (2001) observed that for a regression with
multiple correlated covariates, power hits due to measurement
error can be much bigger
White et al. (1994) observed that increasing the variance of
exposure has even greater benefits for power when X is
measured with error
I

I

Presented a formula for the number of repeated measures per
person for a desired ICC for their mean

e.g., selecting population with 30% increase in SD of exposure
increases power by 41% for precise X and 56% for an X ? with
Cor (X , X ? ) = 0.6

Tosteson et al. (2003) considered design for estimating an
error-corrected relative risk for generalized linear models
I

Sample size formulas apply without making assumption of linear or
log-linear relationship between outcome and exposure
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Example Power Calculation: Using a Simulation Study
Jusko et al. (2014)

Question: Is increased Bisphenol A (BPA) exposure during
pregnancy associated with lower child IQ?
Set up:
I

Maternal BPA exposure X ? = X + u

I

Outcome Model: IQ = β0 + β1 log BPA + ε

I

Suppose have preliminary data on maternal BPA exposure,
including repeated exposure measures

I

Hypothesized relationship is expected IQ=100 drops 5 points for
a unit increase in log BPA
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Simulation Set up
##### Create power curve
muBPA<-0.3409662 ## mean and within and between variance for log total BPA
varb<-0.5161873
### outcome is IQ
muIQ<-100
sdIQ<-15
### Slope for IQ as function of logBPA
### linear model: IQ outcome goes down with increasing BPA exposure
beta<- -5
### Simulation
set.seed(921)
NSIM<-5000
ICC<-c(1,.5, .25, .10)
varw_vec<-(1-ICC)/ICC * varb_vec
ss_vec<-seq(50,600,by=5) ### create different sample sizes for power curve
power<-NULL
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Power Simulation
Adapts power calculation for linear regression Dupont and Plummer (1998) to handle
measurement error
for(k in 1:length(ICC)){
varb<-varb
varw<-varw_vec[k]
power_ss<-rep(NA,length(ss_vec))
for(j in 1:length(ss_vec)){
ss<-ss_vec[j]
ans<-rep(NA,NSIM)

### loop thru ss choices

for(i in 1:NSIM) {
#### simulate power test of non-zero slope
Rsq<-(5*sqrt(varb)/15)^2 ### slope*sigx/sigy
lbpa_true<-muBPA + rnorm(ss,0,sqrt(varb))
lbpa<- lbpa_true + rnorm(ss,0,sqrt(varw))
IQ<- muIQ + beta*lbpa_true + rnorm(ss,0,sqrt((1-Rsq))*sdIQ)
#fit error prone
ans[i]<-ifelse(summary(lm(IQ~lbpa))$coef[2,4] < 0.05,1,0)
}
power_ss[j]<-100*mean(ans)
}
power<-cbind(power,power_ss)
}
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Simulated Power Curves
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Summary

I

Measurement error often reduces power and puts validity of
hypothesis testing at risk

I

An internal substudy which compares an imperfect instrument
with a more reliable one (CME or precise) is vital
I
I

Allows one to understand bias in study instrument
Informs statistical methods that can correct for error-induced bias

I

There is a robust literature to provide guidance on designing a
validation/calibration/reliability study

I

Simulation is a useful tool to power a study using empirical
calculations and hypothesized relationships for error as well as
strength of association with exposure of interest
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Part 1:
1. Introduction to measurement error and its effects
2. Regression calibration
3. Simulation extrapolation (SIMEX)
4. Bayesian and likelihood methods
Coffee Break
Part 2:
1. Practical worked examples
2. Special consideration for binary exposures
3. Other types of error
4. Considerations for study design

Outstanding issues

I

Combination of measurement error and misclassification

I

Handling non-linear functional forms of error-prone variables

I

Time-dependent variables measured with error

I

Variable selection

I

Methods and study designs to address more complicated error
structures
I

Electronic health records are a rich source of measurement error
and estimation challenges
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I
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I

Ray Carroll, Veronika Deffner, Kevin Dodd, Paul Gustafson, Ruth
Keogh, Helmut Kuchenhoff, Pamela Shaw, Janet Tooze

Forthcoming papers from the STRATOS group

Freedman et al. STRATOS guidance document on measurement
error and misclassification of variables in observational epidemiology.
Shaw et al. Epidemiologic analyses with error-prone exposures:
Review of current practice and recommendations.
Keogh et al. Error in measurements of dietary intake used in
nutritional epidemiology: impact, corrections, and recommendations

Take-home messages

I

Measurement error is a problem in many areas of research
...but it’s impacts are not always appreciated

I

The impact of measurement error is not always an ’attenuation’
of the effect of interest

I

There are several methods available for doing something about it

I

Software is available

I

There remains important and interesting work to be done
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