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Model ‘models’ Car ‘models’

There are many different types of models

Oxford dictionary: 

“A simplified description, especially a mathematical one, of a 
system or process, to assist calculations and predictions.”



A mathematical model is  
“a representation of the essential aspects 
of a system … which presents knowledge of 

that system in usable form.” 

Eykhoff (1974)

Usable for what?



Wolkenhauer, Frontier in Physiology, 2014.



The Art of Being Right:
38 Ways to Win an Argument 

(German: Eristische Dialektik: Die Kunst, 
Recht zu behalten; 1831) is an acidulous and 
sarcastic treatise written by the German 
philosopher Arthur Schopenhauer in sarcastic 
deadpan.

Arthur Schopenhauer

Formal modelling is crucial for decision making



Overview

• How do we derive the models? 

• How can a parameter estimation problem be formulated? 

• How can sensitivities and gradients be computed? 

• How does optimisation work? 

• How can we deal with relative data? 

• How can we deal with outliers?  

• How well are the parameters determined? 

• What tools are available? 

• A large-scale model of cancer signalling



 How do we derive the models?



Mathematical description:

reaction stoichiometry reaction flux

EGF + EGFR
k1�� EGF:EGFR

Reaction:

v1 = k1[EGF][EGFR]
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...
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EGF
EGFR

EGF:EGFR
...

Formulation of models



Mathematical description:

EGF + EGFR
k1�� EGF:EGFR

Reaction:

reaction stoichiometry reaction flux

[EGF](t + �t) = [EGF](t) �1 · k1[EGF][EGFR] · �t

new concentration old concentration change

Formulation of models



Mathematical description:

EGF + EGFR
k1�� EGF:EGFR

Reaction:

d[EGF]

dt
= �k1[EGF][EGFR] + . . .

Formulation of models



Mathematical description:

reaction stoichiometry reaction flux
...

pMEK
MAPK

MAPK:pMEK
...

Reaction:

MAPK + pMEK
k8�� MAPK:pMEK
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...
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�������
v = k8[MAPK][pMEK]

Formulation of models
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We get a system of equations describing the biochemistry.
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Mathematical description:

reaction stoichiometry reaction flux
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pMEK
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v = k8[MAPK][pMEK]

We get a system of equations describing the biochemistry.

Formulation of models

Exchange und reuse is simplified by 
community standards such as SBML.



Formulating mechanistic models is not difficult 
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Abstract

Word models (natural language descriptions of molecular mecha-
nisms) are a common currency in spoken and written communica-
tion in biomedicine but are of limited use in predicting the
behavior of complex biological networks. We present an approach
to building computational models directly from natural language
using automated assembly. Molecular mechanisms described in
simple English are read by natural language processing algorithms,
converted into an intermediate representation, and assembled into
executable or network models. We have implemented this
approach in the Integrated Network and Dynamical Reasoning
Assembler (INDRA), which draws on existing natural language
processing systems as well as pathway information in Pathway
Commons and other online resources. We demonstrate the use of
INDRA and natural language to model three biological processes of
increasing scope: (i) p53 dynamics in response to DNA damage, (ii)
adaptive drug resistance in BRAF-V600E-mutant melanomas, and
(iii) the RAS signaling pathway. The use of natural language makes
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Introduction

Biophysics and biochemistry are the foundations of quantitative

reasoning about biological mechanisms (Gunawardena, 2014a).

Historically, systems of biochemical mechanisms were described

in reaction diagrams (familiar graphs involving forward and reverse

arrows) and analyzed algebraically. As such systems became more

complex and grew to include large networks in mammalian cells,

word models (natural language descriptions) became the dominant

way of describing biochemical processes; word models are

frequently illustrated using pictograms and informal schematics.

However, formal approaches are generally required to understand

dynamics, multi-component switches, bistability, etc. Dynamical

models and systems theory have proven extremely effective in

elucidating mechanisms of all-or-none response to apoptosis-indu-

cing ligands (Rehm et al, 2002; Albeck et al, 2008), sequential

execution of cell cycle phases (Chen et al, 2004), the interplay

between stochastic and deterministic reactions in the control of cell

fate following DNA damage (Purvis et al, 2012), drug sensitivity

and disease progression (Lindner et al, 2013; Fey et al, 2015),

bacterial cell physiology (Karr et al, 2012), the responses of ERK

kinase (Chen et al, 2009) and the NF-jB transcription factor

(Hoffmann et al, 2002) to environmental stimuli, and similar

biological processes. The challenge arises in linking a rich ecology

of word models to computational representations of these models

that can be simulated and analyzed. The technical environments

used to create and explore dynamical models remain unfamiliar to

many biologists, and a substantial gap persists between the bulk of

the literature and formal systems biology models.

A variety of methods have been developed to make mechanistic

modeling more powerful and efficient. These include fully inte-

grated software environments (Loew & Schaff, 2001; Hoops et al,

2006), graphical formalisms (Kolpakov et al, 2006; Le Novère

et al, 2009), tabular formats (Tiger et al, 2012), high-level modular

and rule-based languages (Danos et al, 2009; Mallavarapu et al,

2009; Smith et al, 2009), translation systems for generating

Systems Biology Markup Language (SBML) models from pathway

information (Ruebenacker et al, 2009; Büchel et al, 2013), and

specialized programming environments such as PySB (Lopez et al,

2013). In addition, the BioModels database has provided a means

to retrieve and reuse existing models (Juty et al, 2015). Such tools

have increased transparency and reusability but not sufficiently to

bridge the gap between verbal descriptions and computational

models.
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2 Institute for Human and Machine Cognition, Pensacola, FL, USA

*Corresponding author. Tel: +1 617 432 6901/6902; E-mail: peter_sorger@hms.harvard.edu
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Haggerty & Purvis, MSB, 2017



 How can a parameter estimation problem be 
formulated?



time
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Basic idea of parameter estimation

What’s an important property of a good parameter vector?

ODE model:

observables:

compounds: x(0) = x0(✓, u)ẋ = f(x, ✓, u(t)),

y(ti, ✓) = h(x(ti), ✓)

candidate ✓(1)

candidate ✓(2)
candidate ✓(3)
candidate ✓(4)

How to distinguish quantitatively?



ODE model:

observables:

compounds: x(0) = x0(✓, u)ẋ = f(x, ✓, u(t)),

y(ti, ✓) = h(x(ti), ✓)

Likelihood function:

p(D|✓) =
Y

i

Y

k

1p
2⇡�k,i

exp

(
�1

2

✓
ȳk(ti)� yk(ti, ✓)

�k,i

◆2
)

Measurement: ȳ(ti) = y(ti) + ✏(ti), ✏k(ti) ⇠ N (0, �2
k,i)

Maximum likelihood estimation:

max
✓

p(D|✓)optimisation of the likelihood function

Formulation of estimation problem for ODEs



Relation: Maximum Likelihood ⟺ Least squares

Negative log-likelihood function for independent, additive normally distributed 
measurement noise:

p(D|✓) =
Y

k

Y

j

1p
2⇡�jk(✓)

exp

(
�1

2

✓
ȳjk � yj(tk, ✓)

�jk(✓)

◆2
)

) J(✓) = � log p(D|✓) = 1

2

X

k

X

j

log(2⇡�2
jk(✓)) +

✓
ȳjk � yj(tk, ✓)

�jk(✓)

◆2

For known noise variance                       , the term                      is 
constant and the objective function can be simplified to 

⇒ objective function of the weighted least squares estimator

σ2
jk(θ) ̸= fnc(θ) log(2πσ2

jk(θ))

J(θ) =
1

2

∑

k

∑

j

(
ȳjk − yj(tk, θ)

σjk

)2

.
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Evaluation of sum-of-squares objective function

1. Simulation of mechanistic model

2. Calculation of distance between simulation results and data

3. Evaluation of sum-of-squares
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Evaluation of sum-of-squares objective function

1. Simulation of mechanistic model

2. Calculation of distance between simulation results and data

3. Evaluation of sum-of-squares

J(✓) =   +  +  +  +  +  +  

2 2
2

2
2
2

2



Log-transformation of parameters 

For positive parameters         , the ML estimate                        can be 
obtained by optimising the log-transformed parameter                , 

θml = exp(ξml)θ ≥ 0
ξ = log(θ)

ξml = arg min
ξ∈log(Ω)

J(exp(ξ)), bm#D2+i iQ M(exp(ξ)).
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Sequential local optimisation

Goal: Construct a sequence of points along which the fit improves, 

meaning that the objective functions decreases

parameter 1

pa
ra

m
et

er
 2

time

m
ea

su
re

m
en

t

Model-data comparison Objective function landscape
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Sequential local optimisation

Goal: Construct a sequence of points along which the fit improves, 

meaning that the objective functions decreases

parameter 1
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Model-data comparison Objective function landscape

Evaluation of the objective function gradient?



 How can sensitivities and gradients be 
computed?



gradient 
= 

change of objective function 
with respect to the parameters



Finite Differences
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Fröhlich el al. Scalable parameter estimation for genome-scale biochemical reaction networks. PLoS Computational Biology, 
13(1):e1005331, 2017. 
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Finite differences

1. Calculation of objective function for parameter 

2. Calculation of objective function for parameter

3. Calculation of gradient as the normalised difference

θ +∆ei

J(θ +∆ei)

✓

J(✓)

�

�
g(✓) =gi(θ)

gi(θ)

What to do? 

               : decrease parameter value 

               : increase parameter value 

               : stop

gi(θ) > 0

gi(θ) < 0

gi(θ) = 0



Scalability
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cancer signalling 
pathway model

Adjoint methods facilitate scalable gradient evaluation.
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 How does optimisation work?
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Selection of descent direction

parameter 1
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Gradient descent 

Steepest descent using 
local curvature 

d(✓) = �H(✓)�1
g(✓)

Remark: Steepest descent 
using local curvature 
converges faster but requires 
a positive-definite Hessian.

d(✓) = �g(✓)
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Trust-region subproblem 

min
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Remark: 
• Approach allows conceptually for 
negative and indefinite Hessians. 
• The solution of the subproblem is 
usually approximated.



No free lunch theorem

D. H. Wolpert and W. G. Macready. No free lunch theorems for optimization. IEEE Trans. Evol. Comput., 1(1):67-82,1997.

“…what an algorithm gains in performance on one class of problems is 
necessarily offset by its performance on the remaining problems.”
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There is a free lunch for continues problems and 
the choice of the proper optimiser is crucial!



Number of iterations for local optimisers

S. Boyd and L. Vandenberghe. Convex Optimisation, Cambridge University Press, UK, 2004.

“… the number of Newton steps hardly grows […] with m [the number of 
constraints - author's note] (or any other parameter, in fact).”



No free lunch theorem

Hass et al. Benchmark Problems for Dynamic Modeling of Intracellular Processes. Bioinformatics, 2019. 
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No free lunch theorem

Hass et al. Benchmark Problems for Dynamic Modeling of Intracellular Processes. Bioinformatics, 2019. 
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Favourable scaling is crucial for large-scale problems.
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Always check the reproducibility of the fitting results.
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Always check the reproducibility of the fitting results.… also if you use global optimisation methods!
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Global optimisation using alternative methods

Alternative global optimisation algorithms 
•Deterministic methods 
• branch-and-bound 
• interval optimisation 

•Stochastic, thermodynamic methods 
• simulated annealing 
• evolutionary algorithms 
• swarm-based optimisation algorithms 

•Hybrid stochastic-deterministic methods

Personal experience: Multi-start local optimisation is for medium- and 
large-scale optimisation problems in systems / computational biology often 
better than other methods, given that the local optimiser works well.

Common claim: 
Many global optimisation procedure better than multi-start optimisation.



Comparison of global optimisation problems

Raue et al., Lessons learned from quantitative dynamical modeling in systems biology, PLoS ONE, 8(9):e74335, 2013.

Observation 1: Only multi-start local and hybrid optimisation methods 
achieves convergence for high-dimensional problems.

Observation 2: Re-parameterisation (i.e., log-transformation) is not only 
important for the efficiency but also the convergence of optimisers.



F. Fröhlich, C. Loos, and J. Hasenauer. Scalable inference of ordinary differential equation models of biochemical processes. 
In: Gene Regulatory Networks: Methods and Protocols, Humana Press, p. 385-422, 2019.
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 How can we deal with relative data?



Minimise the negative log likelihood function:

min
(θ,c,σ)

�
J(θ, c,σ2) =

1
2

�

k

log(2πσ2) +

�
ȳk � c · h(θ,x(tk,θ))

σ

�2
�

ODE model:
dx
dt

= f(θ,x(t,θ)), x(0,θ) = x0(θ) dynamics

y(t) = c·h(θ,x(t,θ)) observables

Measurements that provide relative data:

with unknown variance σ2 of the measurement noise
and unknown proportionality factor c

ȳk = c · h(θ,x(tk,θ)) + �k, �k � N (0,σ2), k = 1, . . . ,nt

Parameter estimation for relative data
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number of dynamic parameters n✓ + the number of scaling parameters
nc + the number of distribution parameters n� .

Since this might become large and thus the problem hard to handle, we
use the structure of the optimization problem and reduce the amount of
parameters whose optimal value needs to be approximated. Therefore we
split the optimization problem

min
(✓,c,�)

J(✓, c,�)

into two smaller problems resulting in the hierarchical optimization
problem

min
✓

⇢
min
(c,�)

J(✓, c,�)

�
. (3)

Fig. 1B,1C depicts schematically how local optimization of an hierarchical
problem is carried out.

Problem (3) has the benefit that its inner problem can be solved
analytically. Hence for local optimization the scaling parameters c and
also the distribution parameters � can be calculated directly (Fig. 1B,1D)
and the amount of parameters that need to be optimized iteratively reduces
ton✓ . Global optimization is achieved by multi-start local optimization. In
the following two subsections the analytical formulas for both distribution
assumptions and are derived. In the following let i and l be arbitrary but
fixed.

2.4.1 Analytical formulas of the scaling and distribution parameters
for normally distributed measurement noise

The most general assumption for the parameters is that the measurements
of all observables and all of their replicates have different scaling
parameters and different variances. Two other assumptions concerning
the noise model can be made which are described together with the
corresponding formulas in the Supplementary information, Table 1. In
order to derive the analytical formulas for the optimal parameters ĉil and
�̂2
il of

J(✓, c,�2) =
1

2

X

j,i,l,k

log(2⇡�2
il)+

✓
ȳjilk � cil · hji(x(tk, ✓), ✓)

�il

◆2

we make use of the necessary first order optimality condition, saying that
if (✓̂, ĉ, �̂)T is a local minimum of J , with J continuously differentiable,
then

rJ(✓̂, ĉ, �̂) = 0. (4)

Hence setting the derivative of J with respect to cil and �2
il to zero and

solving the equations for cil and �2
il respectively yields the formulas for

the optimal proportionality factors

ĉil(✓) =

P
j,k

ȳjilk · hji(x(tk, ✓), ✓)

P
j,k

hji(x(tk, ✓), ✓)2

and variances

�̂2
il(✓) =

1
P
j,k

1

X

j,k

�
ȳjilk � ĉil(✓) · hji(x(tk, ✓), ✓)

�2
.

Consistent with the structure of the hierarchical problem (3) both formulas
depend only on the parameters ✓.

2.4.2 Analytical formulas of the scaling and distribution parameters
for Laplace-distributed measurement noise

The case of Laplace-distributed noise gives the negative log-likelihood

J(✓, c,�) =
X

j,i,l,k

log(2�il) +
��hji(x(tk, ✓)

�� ·

����
ȳjilk

hji(x(tk, ✓)
� cil

����

�il
.

(5)
Again the formulas are developed under the assumption that all observables
and all replicates possess different scaling and distribution parameters.

Since (5) is not continuously differentiable with respect to the
proportionality factors cil we cannot make use of the necessary first order
optimality condition.
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number of dynamic parameters n✓ + the number of scaling parameters
nc + the number of distribution parameters n� .

Since this might become large and thus the problem hard to handle, we
use the structure of the optimization problem and reduce the amount of
parameters whose optimal value needs to be approximated. Therefore we
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min
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Fig. 1B,1C depicts schematically how local optimization of an hierarchical
problem is carried out.

Problem (3) has the benefit that its inner problem can be solved
analytically. Hence for local optimization the scaling parameters c and
also the distribution parameters � can be calculated directly (Fig. 1B,1D)
and the amount of parameters that need to be optimized iteratively reduces
ton✓ . Global optimization is achieved by multi-start local optimization. In
the following two subsections the analytical formulas for both distribution
assumptions and are derived. In the following let i and l be arbitrary but
fixed.

2.4.1 Analytical formulas of the scaling and distribution parameters
for normally distributed measurement noise

The most general assumption for the parameters is that the measurements
of all observables and all of their replicates have different scaling
parameters and different variances. Two other assumptions concerning
the noise model can be made which are described together with the
corresponding formulas in the Supplementary information, Table 1. In
order to derive the analytical formulas for the optimal parameters ĉil and
�̂2
il of
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we make use of the necessary first order optimality condition, saying that
if (✓̂, ĉ, �̂)T is a local minimum of J , with J continuously differentiable,
then

rJ(✓̂, ĉ, �̂) = 0. (4)

Hence setting the derivative of J with respect to cil and �2
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solving the equations for cil and �2
il respectively yields the formulas for
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.

Consistent with the structure of the hierarchical problem (3) both formulas
depend only on the parameters ✓.

2.4.2 Analytical formulas of the scaling and distribution parameters
for Laplace-distributed measurement noise

The case of Laplace-distributed noise gives the negative log-likelihood

J(✓, c,�) =
X

j,i,l,k

log(2�il) +
��hji(x(tk, ✓)

�� ·

����
ȳjilk
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.

(5)
Again the formulas are developed under the assumption that all observables
and all replicates possess different scaling and distribution parameters.

Since (5) is not continuously differentiable with respect to the
proportionality factors cil we cannot make use of the necessary first order
optimality condition.
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number of dynamic parameters n✓ + the number of scaling parameters
nc + the number of distribution parameters n� .

Since this might become large and thus the problem hard to handle, we
use the structure of the optimization problem and reduce the amount of
parameters whose optimal value needs to be approximated. Therefore we
split the optimization problem

min
(✓,c,�)

J(✓, c,�)

into two smaller problems resulting in the hierarchical optimization
problem

min
✓

⇢
min
(c,�)

J(✓, c,�)

�
. (3)

Fig. 1B,1C depicts schematically how local optimization of an hierarchical
problem is carried out.

Problem (3) has the benefit that its inner problem can be solved
analytically. Hence for local optimization the scaling parameters c and
also the distribution parameters � can be calculated directly (Fig. 1B,1D)
and the amount of parameters that need to be optimized iteratively reduces
ton✓ . Global optimization is achieved by multi-start local optimization. In
the following two subsections the analytical formulas for both distribution
assumptions and are derived. In the following let i and l be arbitrary but
fixed.

2.4.1 Analytical formulas of the scaling and distribution parameters
for normally distributed measurement noise

The most general assumption for the parameters is that the measurements
of all observables and all of their replicates have different scaling
parameters and different variances. Two other assumptions concerning
the noise model can be made which are described together with the
corresponding formulas in the Supplementary information, Table 1. In
order to derive the analytical formulas for the optimal parameters ĉil and
�̂2
il of
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log(2⇡�2
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✓
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we make use of the necessary first order optimality condition, saying that
if (✓̂, ĉ, �̂)T is a local minimum of J , with J continuously differentiable,
then

rJ(✓̂, ĉ, �̂) = 0. (4)

Hence setting the derivative of J with respect to cil and �2
il to zero and

solving the equations for cil and �2
il respectively yields the formulas for

the optimal proportionality factors

ĉil(✓) =

P
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ȳjilk · hji(x(tk, ✓), ✓)

P
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ȳjilk � ĉil(✓) · hji(x(tk, ✓), ✓)

�2
.

Consistent with the structure of the hierarchical problem (3) both formulas
depend only on the parameters ✓.

2.4.2 Analytical formulas of the scaling and distribution parameters
for Laplace-distributed measurement noise

The case of Laplace-distributed noise gives the negative log-likelihood

J(✓, c,�) =
X

j,i,l,k

log(2�il) +
��hji(x(tk, ✓)

�� ·

����
ȳjilk

hji(x(tk, ✓)
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����

�il
.

(5)
Again the formulas are developed under the assumption that all observables
and all replicates possess different scaling and distribution parameters.

Since (5) is not continuously differentiable with respect to the
proportionality factors cil we cannot make use of the necessary first order
optimality condition.

Hierarchical optimisation problem:

min
(θ

�
min
(c,σ)

�
J(θ, c,σ2) =

1
2

�

k

log(2πσ2) +

�
ȳk � c · h(θ,x(tk,θ))

σ

�2
��

with ĉ(θ) =

�
k
ȳkh(θ,x(tk,θ))

�
k
h(θ,x(tk,θ))2

and σ̂2(θ) =
1
nt

�

k

�
ȳk � ĉ · h(θ,x(tk,θ))

�2
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Hierarchical optimisation outperforms standard optimisation 
methods with respect to convergence and computation time.
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Hierarchical formulation improves performance of all 
considered optimisation method.
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