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There are many different types of models

Model ‘models’ Car ‘models’

. T
) I ,

Oxford dictionary:

“A simplified description, especially a mathematical one, of a
system or process, to assist calculations and predictions.”



A mathematical model is
“a representation of the essential aspects
of a system ... which presents knowledge of
that system in usable form.”

Eykhoff (1974)

Usable for what?
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Formal modelling is crucial for decision making

The Art of Being Right:
38 Ways to Win an Argument

(German: Eristische Dialektik: Die Kunst,

Recht zu behalten; 1831) is an acidulous and

The Art of sarcastic treatise written by the German

Being Right philosopher Arthur Schopenhauer in sarcastic
deadpan.

Arthur Schopenhauer
O



Overview

* How do we derive the models?

* How can a parameter estimation problem be formulated?
« How can sensitivities and gradients be computed?

* How does optimisation work?

e How can we deal with relative data?

 How can we deal with outliers?

« How well are the parameters determined?
 \What tools are available?

* A large-scale model of cancer signalling



How do we derive the models?



Formulation of models
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Formulation of models
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Formulation of models
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Formulation of models
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Formulation of models
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We get a system of equations describing the biochemistry.



Formulation of models
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Article

Formulating mechanistic models is not difficult

molecular
systems

Voo

TRANSPARENT OPEN

PROCESS ACCESS biOIOgy

From word models to executable models of
signaling networks using automated assembly

Benjamin M Gyori*"@, John A Bachman™f
Galescu® & Peter K Sorger™”

Abstract

Word models (natural language descriptions of molecular mecha-
nisms) are a common currency in spoken and written communica-
tion in biomedicine but are of limited use in predicting the
behavior of complex biological networks. We present an approach
to building computational models directly from natural language
using automated assembly. Molecular mechanisms described in
simple English are read by natural language processing algorithms,
converted into an intermediate representation, and assembled into
executable or network models. We have implemented this
approach in the Integrated Network and Dynamical Reasoning
Assembler (INDRA), which draws on existing natural language
processing systems as well as pathway information in Pathway

, Kartik Subramanian®, Jeremy L Muhlich®, Lucian

in reaction diagrams (familiar graphs involving forward and reverse
arrows) and analyzed algebraically. As such systems became more
complex and grew to include large networks in mammalian cells,
word models (natural language descriptions) became the dominant
way of describing biochemical processes; word models are
frequently illustrated using pictograms and informal schematics.
However, formal approaches are generally required to understand
dynamics, multi-component switches, bistability, etc. Dynamical
models and systems theory have proven extremely effective in
elucidating mechanisms of all-or-none response to apoptosis-indu-
cing ligands (Rehm et al, 2002; Albeck et al, 2008), sequential
execution of cell cycle phases (Chen et al, 2004), the interplay
between stochastic and deterministic reactions in the control of cell
fate following DNA damage (Purvis et al, 2012), drug sensitivity
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How can a parameter estimation problem be
formulated?



Basic idea of parameter estimation

ODE model:

compounds:

observables:

candidate 1)

observable

candidate 63
candidate 62

time

How to distinguish quantitatively?




Formulation of estimation problem for ODEs

ODE model:
compounds: T = f(x,0,u(t)), 2(0) = zo(6,u)
observables: y(%;,0) = h(x(t;),0)

Measurement: (Y(ti) = y(ti) + €(t;), ex(ti) ~ N (0, ai,i)
Likelihood function:

1 1
p(DW):l:H;[m eXp \

Ok,

Maximum likelihood estimation:

optimisation of the likelihood function mHaXP(DW)




Relation: Maximum Likelihood < Least squares

Negative log-likelihood function for independent, additive normally distributed
measurement noise:

2
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For known noise variance ij( ) # fnc(), the term log(27m]2-k(9)) is
constant and the objective function can be simplified to
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= objective function of the weighted least squares estimator




Evaluation of sum-of-squares objective function

1. Simulation of mechanistic model
2. Calculation of distance between simulation results and data

3. Evaluation of sum-of-squares

observable
—e—
—e—

time



Evaluation of sum-of-squares objective function
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Log-transformation of parameters

For positive parameters # > (), the ML estimate ™! = exp(fml) can be
obtained by optimising the log-transformed parameter ¢ = log(6) ,

™ = arg min_J(exp(¢)), subject to M(exp()).
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Sequential local optimisation

Goal: Construct a sequence of points along which the fit improves,

meaning that the objective functions decreases

Model-data comparison Objective function landscape

measurement
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time parameter 1
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Sequential local optimisation

Goal: Construct a sequence of points along which the fit improves,

meaning that the objective functions decreases

Model-data comparison Objective function landscape

measurement
parameter 2

Evaluation of the objective function gradient?




How can sensitivities and gradients be
computed?



gradient

change of objective function
with respect to the parameters



Gradient evaluation methods
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Finite differences

1. Ca
2. Ca
3. Ca

observable

Ccu

Cu

Cu

ation of objective function for parameter 0

ation of objective function for parameter 0 + Ae;

ation of gradient as the normalised difference gi(‘g)

time

J(0 + Ae;)— J(0)
A

gi(0) =

What to do?
(@) > 0: decrease parameter value

g;(0) < 0: increase parameter value
g;(0) = 0: stop
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Literature

Numerical solvers
e A. C. Hindmarsh et al., SUNDIALS: Suite of Nonlinear and Differential/Algebraic
Equation Solvers. ACM Transactions on Mathematical Software. 31(3):363-396, 2005

Sensitivities and gradients

* A. Raue et al. Lessons learned from quantitative dynamical modeling in systems
biology. PLoS ONE, 8(9):e74335, 2013.

* F. Frohlich, B. Kaltenbacher, F. J. Theis, and J. Hasenauer. Scalable Parameter
Estimation for Genome-Scale Biochemical Reaction Networks. PLoS Computational
Biology, 13(1):e1005331, 2017.

Evaluation of problem formulation
e H. Hass, C. Loos, E. Raimundez Alvarez, J. Timmer, J. Hasenauer, and C. Kreutz,
Benchmark Problems for Dynamic Modeling of Intracellular Processes. Bioinformatics,

2019.



How does optimisation work?



Line search method
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Line search method

parameter 2

parameter 1

objective function value

exact line search
backtracking line search
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Selection of descent direction

Gradient descent

d(6) = —g(0)
x

Steepest descent using
local curvature

\d(9) = —H(0) "g(6) )

parameter 2

Remark: Steepest descent
using local curvature
converges faster but requires
a positive-definite Hessian.

parameter 1



Trust-region method

Local approximation using

Taylor series
local approximation of

JO) = J(0) + g(0)T (0 —6) objective function

+ %(9’ — O H()(9 —0)

\_ )
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trust region

parameter 1



Trust-region method
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Trust-region method

Local approximation using
Taylor series

J(0') = J(0) +g(0)" (' — 0)

+ %(9’ — O H()(9 —0)

\_ _J
a .
Trust-region subproblem
S
g N y,

Remark:

 Approach allows conceptually for
negative and indefinite Hessians.
 The solution of the subproblem is
usually approximated.
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objective function
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parameter 1




No free lunch theorem

“...what an algorithm gains in performance on one class of problems is
necessarily offset by its performance on the remaining problems.”

D. H. Wolpert and W. G. Macready. No free lunch theorems for optimization. IEEE Trans. Evol. Comput., 1(1):67-82,1997.



No free lunch theorem
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No free lunch theorem
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There is a free Iunch for contlnues problems and
the choice of the proper optimiser is crucial!



Number of iterations for local optimisers

“... the number of Newton steps hardly grows [...] with m [the number of
constraints - author's note] (or any other parameter, in fact).”

S. Boyd and L. Vandenberghe. Convex Optimisation, Cambridge University Press, UK, 2004.



No free lunch theorem
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No free lunch theorem
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Favourable scaling is crucial for large-scale problems.




Multi-start local optimisation

Model-data comparison

Objective function landscape

measurement
—=—
—&—
parameter 2

time

parameter 1




Multi-start local optimisation

measurement

Model-data comparison

E{E

time

parameter 2

Objective function landscape

parameter 1




Multi-start local optimisation

Model-data comparison

Objective function landscape

measurement
—&—
parameter 2

time

parameter 1




Multi-start local optimisation

Model-data comparison

Objective function landscape

measurement
parameter 2

time

parameter 1




Multi-start local optimisation

Model-data comparison

Objective function landscape

measurement
parameter 2

time

parameter 1




Multi-start local optimisation

Model-data comparison

Objective function landscape

measurement
parameter 2

time

parameter 1




Multi-start local optimisation

Model-data comparison

Objective function landscape

measurement
parameter 2

time

parameter 1




Multi-start local optimisation
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Multi-start local optimisation

measurement

Model-data comparison
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Always check the reproducibility of the fitting results.




Multi-start local optimisation
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... also if you use global optimisation methods!




Interpretation of waterfall plots

Waterfall plot for problem 1
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Interpretation of waterfall plots

Waterfall plot for problem 2
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Interpretation of waterfall plots

Waterfall plot for problem 3

objective function value

sorted optimiser runs



Interpretation of waterfall plots

Waterfall plot for problem 4
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Global optimisation using alternative methods

Alternative global optimisation algorithms
e Deterministic methods

e branch-and-bound

e interval optimisation
e Stochastic, thermodynamic methods

e simulated annealing

e evolutionary algorithms

e swarm-based optimisation algorithms
e Hybrid stochastic-deterministic methods

Common claim:
Many global optimisation procedure better than multi-start optimisation.

Personal experience: Multi-start local optimisation is for medium- and
large-scale optimisation problems in systems / computational biology often
better than other methods, given that the local optimiser works well.



Comparison of global optimisation problems

Epo receptor model
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Observation 1: Only multi-start local and hybrid optimisation methods
achieves convergence for high-dimensional problems.

objective function

<lncreasing goodness of fit

Observation 2: Re-parameterisation (i.e., log-transformation) is not only

important for the efficiency but also the convergence of optimisers.

Raue et al., Lessons learned from quantitative dynamical modeling in systems biology, PLoS ONE, 8(9):e74335, 2013.



Ingredients of a good optimisation method

Optimization uses Local Optimization or Global Optimization

e local minimum e global minimum
@ saddle point

scales with: pro: fast convergence pro: can find global minimum
number of stationary points con: can get stuck in local minima con: slow convergence
can use
Gradient-Based - Derivative . Sensitivity Analysis
. . requires ] via
Optimization Computation T e

o | forward sens.
E
c
2

trust-region / \ ~‘§
o
£

T step 8

# —

pro: best local search direction

¢ scales with: number of parameters
con: expensive to compute

number of parameters

requires
Simulation requires Dense Linear Solver or Sparse Linear Solver
{\: e . [N § 3
Jacobianwith | . Jacobian with \ g‘
natural ordering | = AMD ordering :
LU decomposition LU decomposition

| = o 2 i 4

scales with: scales with: scales with:

number of state variables number of state variable number of interactions

F. Frohlich, C. Loos, and J. Hasenauer. Scalable inference of ordinary differential equation models of biochemical processes.
In: Gene Regulatory Networks: Methods and Protocols, Humana Press, p. 385-422, 2019.



Ingredients of a good optimisation method

Optimization uses Local Optimization or Global Optimization
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How can we deal with relative data?



Parameter estimation for relative data

ODE model:
Z—); = f(0,x(t,0)), x(0,0)=xq(0) dynamics
y(t) =c-h(6,x(t,0)) observables

Measurements that provide relative data:

Vi=C-h(0,x(ty,0)) +ex, ex~N(0,0%), k=1,....n;
with unknown variance o2 of the measurement noise
and unknown proportionality factor ¢

Minimise the negative Iog likelihood function:

— 2
min {J(G c,0%) =3 Z|Og (2r102) + (yk—c.h(e,x(tk, 9))) }

(6,c,0) 0]




Standard optimisation approach

starting point

sim < simulate
model for g

q = (6o, Co, Oo)
S—
optimizing
q
4 < Qupdate
no

END

compute J(g) and
VqJ using sim

q locally
optimal?

yes



Hierarchical optimisation approach

starting point X
S—

— \
*

*

*

*

*

optimizing
(c,0)

R~

optimizing
] .
6 — Bupaate 6 Ic.>caIIy
optimal?
no
yes
END

[]
]
]
]
]
P
4 mm——

inner optimization

‘ starting point

(B0, Co, 00)
\

(€, 0) < (C, O)upaate  gjm + simulate

model for (6, ¢, 0)

yes

optimizing
(¢, 0)

(¢, 0) locally compute J(0, ¢, 0) and
optimal? V(c,0ydJ using sim
k/

)

i_starﬁmg p_oint_eo —
. S

analytical solution of inner problem
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~N I

calculate analytically |
locally optimal ¢ and o
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Hierarchical optimisation approach

inner optimization

<~ (€, O)upaate sim + simulate

model for (6, ¢, 0)

*" | starting point
(60, Co, 00)
\

starting point
S—

ﬂ “‘
d \“ Jos

. optimizing
optimizing ) \ no (c,0)
(c, o) ",
7 A (r ) lacallv comniite .I(A ~ o) and

Hierarchical optimisation problem:

o Vi — C-h(6,x(t,0))\*
n?én{?;g?{J(eca 2E:Iog 210%) + (yk ¢ (Ux(k )>) }}

Zykh(67x(tk7 9))

with C€(0) = Zh(@ X(t. 0))2 and (;2(9) — nitz (YVk — C- h(B, x(t, 6)))2




Evaluation (1)
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Loos et al. Hierarchical optimization for the efficient parametrization of ODE models. Bioinformatics, 34(24):4266-4273, 2018.



Evaluation (1)
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Hierarchical optimisation outperforms standard optimisation
methods with respect to convergence and computation time.
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\

. i~z, s,b,0,D objective
Va u a I O n unscaled F optimal static compute g J
. —9, observables 57 » | parameters B > sog
1 forward 7 hierarchical ,8,0,0, !
, simulation exp::SNe optimization S, b7 o m‘ adjoint state E,S,b, o,p,D N gradient
simulation P compute V@J
_ J
----------------------------------------------- update 6 in outer optimization [00pP ======= === - - -
Ao | 104, B
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Schmiester et al. Efficient parameterization of large-scale dynamic models based on relative measurements, in preparation.



i~z, s,b,0,D objective

Evaluation (2) L [mm] e =Ll
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Hierarchical formulation improves performance of all
considered optimisation method.
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